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Origins: the Gy-dichotomy

Theorem (Kechris, Solecki, Todor&evic¢)

There is a Borel relation Gg on 2“ such that,
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Theorem (Kechris, Solecki, Todor&evic¢)

There is a Borel relation Gy on 2% such that, for any Polish space
X and any analytic relation R on X,
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Origins: the Gy-dichotomy

Theorem (Kechris, Solecki, Todor&evic¢)

There is a Borel relation Gy on 2% such that, for any Polish space

X and any analytic relation R on X, exactly one of the following
holds:

Q there is c: X —w Borel such that R C (cxc)~1(#),
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There is a Borel relation Gy on 2% such that, for any Polish space
X and any analytic relation R on X, exactly one of the following
holds:
Q there is c: X —w Borel such that R C (cxc)~Y(#), ie., a
countable Borel coloring of R
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Origins: the Gy-dichotomy

Theorem (Kechris, Solecki, Todor&evic¢)

There is a Borel relation Gy on 2% such that, for any Polish space

X and any analytic relation R on X, exactly one of the following
holds:

Q there is c: X —w Borel such that R C (cxc)~Y(#), ie., a
countable Borel coloring of R

@ there is h:2* — X continuous such that Gy C (hx h)~}(R),
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Origins: the Gy-dichotomy

Theorem (Kechris, Solecki, Todor&evic¢)

There is a Borel relation Gy on 2% such that, for any Polish space
X and any analytic relation R on X, exactly one of the following
holds:

Q there is c: X —w Borel such that R C (cxc)~Y(#), ie., a
countable Borel coloring of R

@ there is h:2* — X continuous such that Gy C (hx h)~}(R),
i.e., a continuous homomorphism from Ggq into R
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A level by level version for the first three levels

Theorem (L-Zeleny)
Let £€{1,2,3}.

A
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A level by level version for the first three levels

Theorem (L-Zeleny)

Let £€{1,2,3}. Then we can find a zero-dimensional Polish space
Xe
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A level by level version for the first three levels

Theorem (L-Zeleny)

Let £€{1,2,3}. Then we can find a zero-dimensional Polish space
X¢ and a Borel relation G¢ on X¢
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A level by level version for the first three levels

Theorem (L-Zeleny)

Let £€{1,2,3}. Then we can find a zero-dimensional Polish space
X¢ and a Borel relation G¢ on X¢ such that, for any
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X¢ and a Borel relation G¢ on X¢ such that, for any
(zero-dimensional if §=1) Polish space X and any analytic relation
R on X, exactly one of the following holds:

@ there is a countable Ag—measurable coloring of R
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@ there is a countable Ag—measurable coloring of R
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A level by level version for the first three levels

Theorem (L-Zeleny)

Let £€{1,2,3}. Then we can find a zero-dimensional Polish space
X¢ and a Borel relation G¢ on X¢ such that, for any
(zero-dimensional if §=1) Polish space X and any analytic relation
R on X, exactly one of the following holds:

@ there is a countable Ag—measurable coloring of R

@ there is a continuous homomorphism from G¢ into R

V

Can we generalize this theorem to any countable ordinal?
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A topological characterization

Definition
e The diagonal of a set X is A(X):={(x,x) | xe X}
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A topological characterization

Definition
e The diagonal of a set X is A(X):={(x,x) | xe X}
e A relation D on a set X is a digraph if D N A(X)=10
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A topological characterization

Definition

e The diagonal of a set X is A(X):={(x,x) | xe X}

e A relation D on a set X is a digraph if D N A(X)=10

e (Louveau) Let X be a recursively presented Polish space,
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A topological characterization

Definition

e The diagonal of a set X is A(X):={(x,x) | xe X}

e A relation D on a set X is a digraph if D N A(X)=10

e (Louveau) Let X be a recursively presented Polish space, 11 be
the topology of X,
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A topological characterization

Definition

e The diagonal of a set X is A(X):={(x,x) | xe X}

e A relation D on a set X is a digraph if D N A(X)=10

e (Louveau) Let X be a recursively presented Polish space, 11 be
the topology of X, and 7: be the topology generated by the
in I'I(i£ subsets of X if 2<¢<wK
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Theorem (L-Zeleny)

Let 1<¢<wEK, X be a (zero-dimensional if ¢ =1) recursively
presented Polish space, and R be a X1 relation on X.
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A topological characterization

Definition

e The diagonal of a set X is A(X):={(x,x) | xe X}

e A relation D on a set X is a digraph if D N A(X)=10

e (Louveau) Let X be a recursively presented Polish space, 11 be
the topology of X, and 7: be the topology generated by the
in I'Igg subsets of X if 2<¢<wK

€

Theorem (L-Zeleny)

Let 1<¢<wEK, X be a (zero-dimensional if ¢ =1) recursively
presented Polish space, and R be a X relation on X. Then
exactly one of the following holds:

@ there is a countable Ag—measurable coloring of R
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A topological characterization

Definition

e The diagonal of a set X is A(X):={(x,x) | xe X}

e A relation D on a set X is a digraph if D N A(X)=10

e (Louveau) Let X be a recursively presented Polish space, 11 be
the topology of X, and 7: be the topology generated by the
in I'Igg subsets of X if 2<¢<wK

€

Theorem (L-Zeleny)

Let 1<¢<wEK, X be a (zero-dimensional if ¢ =1) recursively
presented Polish space, and R be a X relation on X. Then
exactly one of the following holds:

@ there is a countable Ag—measurable coloring of R
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€
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Recursive ordinals

e In the sequel, £<wa
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Recursive ordinals

e In the sequel, £<wa

e ¢ is identified with a recursive well-ordering of a recursive subset
of w,
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Recursive ordinals

e In the sequel, £<wa

e ¢ is identified with a recursive well-ordering of a recursive subset
of w, for which the successor relation and the set of limit points
are both recursive
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Recursive ordinals

e In the sequel, £<wa

e ¢ is identified with a recursive well-ordering of a recursive subset
of w, for which the successor relation and the set of limit points
are both recursive

e This gives, for every limit A<¢ and uniformly, a recursive
increasing and cofinal sequence (A,) in A
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The recursive trees

o Let 7 Cw=<¥ be a recursive well-founded tree of rank &, which
has a recursive rank function, defined as follows:
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The recursive trees

o Let 7 Cw=<¥ be a recursive well-founded tree of rank &, which
has a recursive rank function, defined as follows:

@ The root () of 7¢ has rank &
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The recursive trees

o Let 7 Cw=<¥ be a recursive well-founded tree of rank &, which
has a recursive rank function, defined as follows:

@ The root () of 7¢ has rank &

e If A< is limit, with a chosen recursive increasing and cofinal
sequence (\,), and s€7¢ has rank A, then, for all new,
s n€T¢ has rank A\,
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The recursive trees

o Let 7 Cw=<¥ be a recursive well-founded tree of rank &, which
has a recursive rank function, defined as follows:

@ The root () of 7¢ has rank &
e If A< is limit, with a chosen recursive increasing and cofinal

sequence (\,), and s€7¢ has rank A, then, for all new,
s n€T¢ has rank A\,

o If n < ¢ and s€7T¢ has rank n+1, then, for all new, s~ ne7;
has rank 7
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The recursive trees

o Let 7 Cw=<¥ be a recursive well-founded tree of rank &, which
has a recursive rank function, defined as follows:

@ The root () of 7¢ has rank &

e If A< is limit, with a chosen recursive increasing and cofinal
sequence (\,), and s€7¢ has rank A, then, for all new,
s n€T¢ has rank A\,

o If n < ¢ and s€7T¢ has rank n+1, then, for all new, s~ ne7;
has rank 7

e Let L, be the collection of leaves of 7¢ (the nodes of rank 0)
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The labellings of the recursive trees

o Let xe2f
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The labellings of the recursive trees

o Let xe2f

e We inductively define a labelling L*:7¢ — 2 as follows:
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The labellings of the recursive trees

o Let xe2f

e We inductively define a labelling L*:7¢ — 2 as follows:
Q If seLe, then [*(s):=x(s)
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The labellings of the recursive trees

o Let xe2f

e We inductively define a labelling L*:7¢ — 2 as follows:
Q If seLe, then [*(s):=x(s)
Q If 5672\;65, then

[X(s)=0< 3dncw LX(s"n)=1
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The first digraphs

e Assume that £>1
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The first digraphs

e Assume that £>1

o Let x € 2%¢
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The first digraphs

e Assume that £>1
o Let x € 2%¢

o Let n“:=sup{ncw |Vm<n L*((m))=0}cw+1
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The first digraphs

e Assume that £>1

o Let x € 25¢

o Let n:=sup{new |Vm<n LX((m))=0}cw+1
o We identify 2L¢ with 2v,
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The first digraphs

e Assume that £>1

o Let x € 2%¢

o Let n:=sup{new |Vm<n LX((m))=0}cw+1
o We identify 2L¢ with 2¥, and set Xe :=2L¢ w QW
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The first digraphs

e Assume that £>1

o Let x € 2%¢

o Let n:=sup{new |Vm<n LX((m))=0}cw+1

o We identify 2L¢ with 2¥, and set Xe :=2L¢ w QW

e We define a digraph J¢ on X as follows:
Te:={((x,s07), (x,s17)) EX% ||s|=n"<w}
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The weak dichotomy

Assume that £>1,

.
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The weak dichotomy

Assume that £>1, X is a (zero-dimensional if £=1) recursively
presented Polish space,

.
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The weak dichotomy

Assume that £>1, X is a (zero-dimensional if £=1) recursively
presented Polish space, and R is a le relation on X.

.
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The weak dichotomy

Assume that £>1, X is a (zero-dimensional if £=1) recursively
presented Polish space, and R is a le relation on X. Then the
following are equivalent:

© there is no countable Ag-measurable coloring of R

.
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The weak dichotomy

Assume that £>1, X is a (zero-dimensional if £=1) recursively
presented Polish space, and R is a le relation on X. Then the
following are equivalent:

© there is no countable Ag-measurable coloring of R

Q there is a homomorphism from (X¢,l¢) into (X, R) which is
continuous when both spaces are equipped with ¢

.
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The weak dichotomy

Assume that £>1, X is a (zero-dimensional if £=1) recursively
presented Polish space, and R is a le relation on X. Then the
following are equivalent:

© there is no countable Ag-measurable coloring of R
Q there is a homomorphism from (X¢,l¢) into (X, R) which is
continuous when both spaces are equipped with ¢

© there is a homomorphism h from (X¢, J¢) into (X, R) such
that h~'(0) € £ for every m¢-open set O

.
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Notion of forcing

Definition
Let P be the set of partial functions p:7: —2 such that

Dominique Lecomte (collaboration with N. Greenberg, D. Ture  Forcing and colorings in a given Baire class



Notion of forcing

Definition
Let P be the set of partial functions p:7: —2 such that

@ p has finite domain
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Notion of forcing

Definition

Let P be the set of partial functions p:7: —2 such that
@ p has finite domain
Q li seTe\Le, then

p(s)=0< dncw p(s—n)=1
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Notion of forcing

Definition
Let P be the set of partial functions p:7: —2 such that
@ p has finite domain
Q li seTe\Le, then
p(s)=0<« dncw p(s—n)=1
The set P is partially ordered by g<p < pCq.
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Notion of forcing

Definition
Let P be the set of partial functions p:7: —2 such that

@ p has finite domain
Q li seTe\Le, then
p(s)=0< dncw p(s—n)=1

The set P is partially ordered by g<p < pCq. The elements of P
are forcing conditions
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Notion of forcing

Definition
Let P be the set of partial functions p:7: —2 such that

@ p has finite domain
Q li seTe\Le, then
p(s)=0< dncw p(s—n)=1
The set P is partially ordered by g<p < pCq. The elements of P

are forcing conditions

We set, for peP, [p]:={x€2%¢ | pC L~}
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Filters, density and genericity

Definition
O A filter on P is a nonempty subset of F of [P satisfying the
following:
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Filters, density and genericity

Definition
O A filter on P is a nonempty subset of F of [P satisfying the
following:
o Vp,geF dreF r<p,q
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Filters, density and genericity

Definition
O A filter on P is a nonempty subset of F of [P satisfying the
following:

o Vp,geF dreF r<p,q
o Vp,qelP (qg<pAqe€F)= peF
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Filters, density and genericity

Definition
O A filter on P is a nonempty subset of F of [P satisfying the
following:
o Vp,geF dreF r<p,q
o Vp,geP (q<pAqg€eF)= peF
For a filter F CIP, we set xg:=(J F)|L¢
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Filters, density and genericity

Definition
O A filter on P is a nonempty subset of F of [P satisfying the
following:
o Vp,geF dreF r<p,q
o Vp,geP (q<pAqg€eF)= peF
For a filter F CIP, we set xg:=(J F)|L¢
Q Aset DCPisdense if VpelP dgeD q<p
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Filters, density and genericity

Definition
O A filter on P is a nonempty subset of F of [P satisfying the
following:
o Vp,geF dreF r<p,q
o Vp,geP (q<pAqg€eF)= peF
For a filter F CIP, we set xg:=(J F)|L¢
Q Aset DCPisdense if VpelP dgeD q<p

© Let D be a collection of dense subsets of P.
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Filters, density and genericity

Definition
O A filter on P is a nonempty subset of F of [P satisfying the
following:
o Vp,geF dreF r<p,q
o Vp,geP (q<pAqg€eF)= peF
For a filter F CIP, we set xg:=(J F)|L¢
Q Aset DCPisdense if VpelP dgeD q<p
© Let D be a collection of dense subsets of P. A filter F on P is
D-generic if F intersects every DeD
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Borel codes

© We inductively define the collection of Borel codes of subsets
of 2%¢ as follows:
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Borel codes

© We inductively define the collection of Borel codes of subsets
of 2%¢ as follows:

e any partial function ¢: L —2 with finite domain is a Borel
code
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Borel codes

© We inductively define the collection of Borel codes of subsets
of 2%¢ as follows:
e any partial function ¢: L —2 with finite domain is a Borel
code
o if (¢n) is an w-sequence of Borel codes, then \/, ¢, is a Borel
code
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Borel codes

© We inductively define the collection of Borel codes of subsets
of 2%¢ as follows:
e any partial function ¢: L —2 with finite domain is a Borel
code
o if (¢n) is an w-sequence of Borel codes, then \/, ¢, is a Borel
code
e if  is a Borel code, then —¢ is a Borel code
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Borel codes

© We inductively define the collection of Borel codes of subsets
of 2%¢ as follows:
e any partial function ¢: L —2 with finite domain is a Borel
code
o if (¢n) is an w-sequence of Borel codes, then \/, ¢, is a Borel
code
e if  is a Borel code, then —¢ is a Borel code
@ If ¢ is a Borel code, then [¢] is the Borel subset of 2%¢ coded

by ¢:
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Borel codes

© We inductively define the collection of Borel codes of subsets
of 2%¢ as follows:
e any partial function ¢: L —2 with finite domain is a Borel
code
o if (¢n) is an w-sequence of Borel codes, then \/, ¢, is a Borel
code
e if  is a Borel code, then —¢ is a Borel code
@ If ¢ is a Borel code, then [¢] is the Borel subset of 2%¢ coded

by ¢:
o if p:Le—2 has finite domain, then [p]:={x€2%¢ | pCx}
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Borel codes

© We inductively define the collection of Borel codes of subsets
of 2%¢ as follows:
e any partial function ¢: L —2 with finite domain is a Borel
code
o if (¢n) is an w-sequence of Borel codes, then \/, ¢, is a Borel
code
e if  is a Borel code, then —¢ is a Borel code
@ If ¢ is a Borel code, then [¢] is the Borel subset of 2%¢ coded
by ¢:
o if p:Le—2 has finite domain, then [p]:={x€2%¢ | pCx}

o [V, enl:=U, [¢n]
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Borel codes

© We inductively define the collection of Borel codes of subsets
of 2%¢ as follows:
e any partial function ¢: L —2 with finite domain is a Borel
code
o if (¢n) is an w-sequence of Borel codes, then \/, ¢, is a Borel
code
e if  is a Borel code, then —¢ is a Borel code
@ If ¢ is a Borel code, then [¢] is the Borel subset of 2%¢ coded
by ¢:
o if p:Le—2 has finite domain, then [p]:={x€2%¢ | pCx}
O [\/n Wn] :i Un [SDIT]
o [p]:=2¢\[y]
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The strong forcing relation

Definition

We inductively define the strong forcing relation |-* between P
and Borel codes.
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The strong forcing relation

Definition
We inductively define the strong forcing relation |-* between P
and Borel codes. Let peP
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The strong forcing relation

Definition
We inductively define the strong forcing relation |-* between P
and Borel codes. Let peP

o if ¢:L¢—2 has finite domain, then p IF* ¢ if p<¢p
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The strong forcing relation

Definition
We inductively define the strong forcing relation |-* between P
and Borel codes. Let peP

o if ¢:L¢—2 has finite domain, then p IF* ¢ if p<¢p

o pl-*\/, ¢n if pIF* @, for some n
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The strong forcing relation

Definition

We inductively define the strong forcing relation |-* between P
and Borel codes. Let peP

o if ¢:L¢—2 has finite domain, then p IF* ¢ if p<¢p
o pl-*\/, ¢n if pIF* @, for some n

@ plF* =y if there is no g<p with g IF* ¢
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The strong forcing relation

Definition

We inductively define the strong forcing relation |-* between P
and Borel codes. Let peP

o if ¢:L¢—2 has finite domain, then p IF* ¢ if p<¢p
o pl-*\/, ¢n if pIF* @, for some n

@ plF* =y if there is no g<p with g IF* ¢

Definition

We mirror the Borel hierarchy
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The strong forcing relation

Definition

We inductively define the strong forcing relation |-* between P
and Borel codes. Let peP

o if ¢:L¢—2 has finite domain, then p IF* ¢ if p<¢p
o pl-*\/, ¢n if pIF* @, for some n

@ plF* =y if there is no g<p with g IF* ¢

Definition

We mirror the Borel hierarchy

@ the [y codes are the partial functions ¢: L —2 with finite
domain
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The strong forcing relation

Definition

We inductively define the strong forcing relation |-* between P
and Borel codes. Let peP

o if ¢:L¢—2 has finite domain, then p IF* ¢ if p<¢p
o pl-*\/, ¢n if pIF* @, for some n

@ plF* =y if there is no g<p with g IF* ¢

Definition

We mirror the Borel hierarchy

@ the [y codes are the partial functions ¢: L —2 with finite
domain

e if n>1, a code ¢ is ¥, if it is of the form \/,, ¢, where each
@ is a My code for some <7
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The strong forcing relation

Definition

We inductively define the strong forcing relation |-* between P
and Borel codes. Let peP

o if ¢:L¢—2 has finite domain, then p IF* ¢ if p<¢p
o pl-*\/, ¢n if pIF* @, for some n
@ plF* =y if there is no g<p with g IF* ¢

Definition

We mirror the Borel hierarchy

@ the [y codes are the partial functions ¢: L —2 with finite
domain

e if n>1, a code ¢ is ¥, if it is of the form \/,, ¢, where each
@ is a My code for some <7

e if n>1, a code ¢ is [, if it is of the form —), where v is a
Y, code

T = = =
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Restriction of forcing conditions

Let peP,
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Restriction of forcing conditions

Let peP, and n<&+1.
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Restriction of forcing conditions

Let p€P, and 1 <&+1. We define a forcing condition p|n C p as
follows:
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Restriction of forcing conditions

Let p€P, and 1 <&+1. We define a forcing condition p|n C p as
follows: (p|n)(s) is defined exactly when p(s) is defined,
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Restriction of forcing conditions

Let p€P, and 1 <&+1. We define a forcing condition p|n C p as
follows: (p|n)(s) is defined exactly when p(s) is defined, and either

Q rank(s)<n or
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Restriction of forcing conditions

Let p€P, and 1 <&+1. We define a forcing condition p|n C p as
follows: (p|n)(s) is defined exactly when p(s) is defined, and either

Q rank(s)<n or
@ there is n€w such that p(s™n)=1 and rank(s™n)<n
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Restriction of forcing conditions

Definition
Let p€P, and 1 <&+1. We define a forcing condition p|n C p as
follows: (p|n)(s) is defined exactly when p(s) is defined, and either
Q rank(s)<n or
@ there is n€w such that p(s™n)=1 and rank(s™n)<n
We set P, :={p[n | peP},
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Restriction of forcing conditions

Definition
Let p€P, and 1 <&+1. We define a forcing condition p|n C p as
follows: (p|n)(s) is defined exactly when p(s) is defined, and either
Q rank(s)<n or
@ there is n€w such that p(s™n)=1 and rank(s™n)<n
We set IP,;:={p|n | p€P}, and 7, is the topology on 2
generated by {[p] | p€P,}
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The untagging lemma

Let 1<n<&+1,
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The untagging lemma

Let 1<n<&+1, and ¢ be a ¥, code.
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The untagging lemma

Let 1<n<&+1, and ¢ be a ¥, code.

@ There is a countable collection D of dense subsets of P such
that, for every D-generic filter F,
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The untagging lemma

Let 1<n<&+1, and ¢ be a ¥, code.

@ There is a countable collection D of dense subsets of P such
that, for every D-generic filter F,

xp€lpl & IpeFNP, plF o
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The untagging lemma

Let 1<n<&+1, and ¢ be a ¥, code.
@ There is a countable collection D of dense subsets of P such
that, for every D-generic filter F,
xp€lpl & IpeFNP, plF o

@ The set | {[p] | pIF* ¢} is 7,-open and equivalent to [¢]

modulo a T, -meagre set

Dominique Lecomte (collaboration with N. Greenberg, D. Ture  Forcing and colorings in a given Baire class



The untagging lemma

Let 1<n<&+1, and ¢ be a ¥, code.
@ There is a countable collection D of dense subsets of P such
that, for every D-generic filter F,
xp€lpl & IpeFNP, plF o

@ The set | {[p] | pIF* ¢} is 7,-open and equivalent to [¢]

modulo a T, -meagre set

A similar result holds if we work with
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The untagging lemma

Let 1<n<&+1, and ¢ be a ¥, code.
@ There is a countable collection D of dense subsets of P such
that, for every D-generic filter F,
xp€lpl & IpeFNP, plF o

@ The set | {[p] | pIF* ¢} is 7,-open and equivalent to [¢]

modulo a T, -meagre set

A similar result holds if we work with

o Px 2<% instead of P
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The untagging lemma

Let 1<n<&+1, and ¢ be a ¥, code.
@ There is a countable collection D of dense subsets of P such
that, for every D-generic filter F,
xp€lpl & IpeFNP, plF o

@ The set | {[p] | pIF* ¢} is 7,-open and equivalent to [¢]

modulo a T, -meagre set

A similar result holds if we work with

o Px 2<% instead of P

e subsets of X -=2Le % 2% instead of subsets of 2£¢
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The untagging lemma

Let 1<n<&+1, and ¢ be a ¥, code.
@ There is a countable collection D of dense subsets of P such
that, for every D-generic filter F,
xp€lpl & IpeFNP, plF o

@ The set | {[p] | pIF* ¢} is 7,-open and equivalent to [¢]

modulo a T, -meagre set

A similar result holds if we work with
o P x 2<% instead of P
e subsets of X -=2Le % 2% instead of subsets of 2£¢

allowing us to prove the weak dichotomy
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The second digraphs

e Assume that £>3
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The second digraphs

e Assume that £>3

o Let x € 2%¢
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The second digraphs

e Assume that £>3
o Let x € 2L¢

e Recall that n*:=sup{new | Vm<n L*({m))=0}
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The second digraphs

e Assume that £>3

o Let x € 2%¢

e Recall that n*:=sup{ncw | Vm<n L[*((m))=0}

e Let, for m<n*, k*(m):=min{kew | L*({m, k))=1}
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The second digraphs

e Assume that £>3

o Let x € 2%¢

e Recall that n*:=sup{ncw | Vm<n L[*((m))=0}

e Let, for m<n*, k*(m):=min{kew | L*({m, k))=1}

e Let () be a (uniformly recursive and) dense list of elements of
2UJ
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The second digraphs

e Assume that £>3

o Let x € 2%¢

e Recall that n*:=sup{ncw | Vm<n L[*((m))=0}

e Let, for m<n*, k*(m):=min{kew | L*({m, k))=1}

e Let () be a (uniformly recursive and) dense list of elements of
2UJ

o Let Ve:={(x,a) €25 x 2% | VYm<n* af(m+1)Cas(m}CXe
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The second digraphs

e Assume that £>3

o Let x € 2%¢

e Recall that n*:=sup{ncw | Vm<n L[*((m))=0}

e Let, for m<n*, k*(m):=min{kew | L*({m, k))=1}

e Let () be a (uniformly recursive and) dense list of elements of
2UJ

o Let Ve:={(x,a) €25 x 2% | VYm<n* af(m+1)Cas(m}CXe
o Let Ke:={((x,507), (x,517)) € Y2 | [s|=n*<w} CJ¢
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J3 does not satisfy the strong dichotomy

© Assume that £>3. Then there is no countable Ag—measurab/e
coloring of K¢
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J3 does not satisfy the strong dichotomy

© Assume that £>3. Then there is no countable Ag—measurab/e
coloring of K¢

@ there is no continuous homomorphism from J3 into Kg

Dominique Lecomte (collaboration with N. Greenberg, D. Ture  Forcing and colorings in a given Baire class



The third digraphs

e Assume that £ >3 is the successor of a successor ordinal
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The third digraphs

e Assume that £ >3 is the successor of a successor ordinal

o Let x € 2%¢
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The third digraphs

e Assume that £ >3 is the successor of a successor ordinal
o Let x € 2F¢

e Recall that n*:=sup{new | Vm<n L*((m))=0}
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The third digraphs

e Assume that £ >3 is the successor of a successor ordinal
o Let x € 2F¢
e Recall that n*:=sup{new | Vm<n L[*({m))=0}

e We will introduce, for m< n* finite, c*(m)cw
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The third digraphs

e Assume that £ >3 is the successor of a successor ordinal
o Let x € 2F¢

e Recall that n*:=sup{new | Vm<n L*((m))=0}

e We will introduce, for m< n* finite, c*(m)cw

e Recall that, for m< n*, kX(m):=min{kew | L*({m, k))=1}
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The third digraphs

e Assume that £ >3 is the successor of a successor ordinal

o Let x € 2F¢

e Recall that n*:=sup{new | Vm<n L*((m))=0}

e We will introduce, for m< n* finite, c*(m)cw

e Recall that, for m< n*, kX(m):=min{kew | L*({m, k))=1}

e Recall that («) is a dense list of elements of 2¢
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The third digraphs

e Assume that £ >3 is the successor of a successor ordinal

o Let x € 2k¢

e Recall that n*:=sup{new | Vm<n L*((m))=0}

e We will introduce, for m< n* finite, c*(m)cw

e Recall that, for m< n*, kX(m):=min{kew | L*({m, k))=1}
e Recall that («) is a dense list of elements of 2¢

o Let

Ze ={(x,a) €25« x 2% | Vm<n* a|(c*(m)+1) C ovjex(m)} € X¢
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The third digraphs

e Assume that £ >3 is the successor of a successor ordinal

o Let x € 2k¢

e Recall that n*:=sup{new | Vm<n L*((m))=0}

e We will introduce, for m< n* finite, c*(m)cw

e Recall that, for m< n*, kX(m):=min{kew | L*({m, k))=1}
e Recall that («) is a dense list of elements of 2¢

o Let

Ze ={(x,a) €25« x 2% | Vm<n* a|(c*(m)+1) C ovjex(m)} € X¢
o Let L¢:={((x,507), (x,517)) EZ? | P <w A ls|=c*(n)}
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K3 does not satisfy the strong dichotomy, IL3; does

© Assume that £ >3 is the successor of a successor ordinal.

Dominique Lecomte (collaboration with N. Greenberg, D. Ture  Forcing and colorings in a given Baire class



K3 does not satisfy the strong dichotomy, IL3; does

© Assume that £ >3 is the successor of a successor ordinal.
Then there is no countable Ag—measurable coloring of ¢
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K3 does not satisfy the strong dichotomy, IL3; does

© Assume that £ >3 is the successor of a successor ordinal.
Then there is no countable Ag—measurable coloring of ¢

@ there is no continuous homomorphism from Ks into IL3
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K3 does not satisfy the strong dichotomy, IL3; does

© Assume that £ >3 is the successor of a successor ordinal.
Then there is no countable Ag—measurable coloring of ¢

@ there is no continuous homomorphism from Ks into IL3

© Let X be a recursively presented Polish space,
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K3 does not satisfy the strong dichotomy, IL3; does

© Assume that £ >3 is the successor of a successor ordinal.
Then there is no countable Ag—measurable coloring of ¢

@ there is no continuous homomorphism from Ks into IL3

© Let X be a recursively presented Polish space, and R be a X}
relation on X.
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K3 does not satisfy the strong dichotomy, IL3; does

© Assume that £ >3 is the successor of a successor ordinal.
Then there is no countable Ag—measurable coloring of ¢

@ there is no continuous homomorphism from Ks into IL3

© Let X be a recursively presented Polish space, and R be a X}
relation on X. Exactly one of the following holds:
o there is a countable AS-measurable coloring of R
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K3 does not satisfy the strong dichotomy, IL3; does

© Assume that £ >3 is the successor of a successor ordinal.
Then there is no countable Ag—measurable coloring of ¢

@ there is no continuous homomorphism from Ks into IL3

© Let X be a recursively presented Polish space, and R be a X}

relation on X. Exactly one of the following holds:

o there is a countable AS-measurable coloring of R
e there is a continuous homomorphism from L3 into R
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The representation theorem

The representation theorem of Borel sets provides a good
subsequence of any a €2¥,
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The representation theorem

The representation theorem of Borel sets provides a good
subsequence of any a €2“, viewed as the sequence h(a):=(al|l)jew
of all its initial segments
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The representation theorem

The representation theorem of Borel sets provides a good
subsequence of any a €2“, viewed as the sequence h(a):=(al|l)jew
of all its initial segments

Definition (Debs-Saint Raymond)

e A partial order relation R on 2<% is a tree relation
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The representation theorem

The representation theorem of Borel sets provides a good
subsequence of any a €2“, viewed as the sequence h(a):=(al|l)jew
of all its initial segments

Definition (Debs-Saint Raymond)

e A partial order relation R on 2<% is a tree relation if, for
sE2<W,

Q@ ORs
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The representation theorem

The representation theorem of Borel sets provides a good
subsequence of any a €2“, viewed as the sequence h(a):=(al|l)jew
of all its initial segments

Definition (Debs-Saint Raymond)

e A partial order relation R on 2<% is a tree relation if, for
sE2<W,

Q@ ORs

Q the set Pgr(s):={t€2<¥ |t R s} is finite and linearly ordered
by R
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The representation theorem

The representation theorem of Borel sets provides a good
subsequence of any a €2“, viewed as the sequence h(a):=(al|l)jew
of all its initial segments

Definition (Debs-Saint Raymond)

e A partial order relation R on 2<% is a tree relation if, for
sE2<W,

QO (Rs
Q the set Pgr(s):={t€2<¥ |t R s} is finite and linearly ordered
by R
e hg(s):=Card(Pg(s))—1
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The representation theorem

The representation theorem of Borel sets provides a good
subsequence of any a €2“, viewed as the sequence h(a):=(al|l)jew
of all its initial segments

Definition (Debs-Saint Raymond)

e A partial order relation R on 2<% is a tree relation if, for
sE2<W,

Q@ ORs
Q the set Pgr(s):={t€2<¥ |t R s} is finite and linearly ordered
by R
e hg(s):=Card(Pg(s))—1
o Let R be a tree relation. A R-branch is a C-maximal subset of
2<% linearly ordered by R
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The representation theorem
The representation theorem of Borel sets provides a good
subsequence of any a €2“, viewed as the sequence h(a):=(al|l)jew

of all its initial segments

Definition (Debs-Saint Raymond)

e A partial order relation R on 2<% is a tree relation if, for
sE2<W,

Q@ ORs

Q the set Pgr(s):={t€2<¥ |t R s} is finite and linearly ordered
by R

e hg(s):=Card(Pg(s))—1

o Let R be a tree relation. A R-branch is a C-maximal subset of
2<% linearly ordered by R

e [R] is the set of all infinite R-branches
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The representation theorem (continued)

Definition (Debs-Saint Raymond)

e (2<¥)¥: product of the discrete topology on 2<%

Dominique Lecomte (collaboration with N. Greenberg, D. Ture  Forcing and colorings in a given Baire class



The representation theorem (continued)

Definition (Debs-Saint Raymond)

e (2<¥)¥: product of the discrete topology on 2<%
e Let R be a tree relation. [R]C(2<¥)“: induced topology, Polish.
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The representation theorem (continued)

Definition (Debs-Saint Raymond)

e (2<¥)¥: product of the discrete topology on 2<%
e Let R be a tree relation. [R]C(2<¥)“: induced topology, Polish.
e Basic clopen sets: NR:={y€[R] | v(hr(s))=s}, se2<

Dominique Lecomte (collaboration with N. Greenberg, D. Ture  Forcing and colorings in a given Baire class



The representation theorem (continued)

Definition (Debs-Saint Raymond)

e (2<¥)¥: product of the discrete topology on 2<%

e Let R be a tree relation. [R]C(2<¥)“: induced topology, Polish.
e Basic clopen sets: NR:={y€[R] | v(hr(s))=s}, se2<

e Let R, S be tree relations with RCS.
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The representation theorem (continued)

Definition (Debs-Saint Raymond)

e (2<¥)¥: product of the discrete topology on 2<%

e Let R be a tree relation. [R]C(2<¥)“: induced topology, Polish.
e Basic clopen sets: NR:={y€[R] | v(hr(s))=s}, se2<

e Let R, S be tree relations with RCS. The canonical map
MN:[R]—[S]
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The representation theorem (continued)

Definition (Debs-Saint Raymond)

e (2<¥)¥: product of the discrete topology on 2<%

e Let R be a tree relation. [R]C(2<¥)“: induced topology, Polish.
e Basic clopen sets: NR:={y€[R] | v(hr(s))=s}, se2<

e Let R, S be tree relations with RCS. The canonical map
M:[R]—[S] is defined by

M(vy):= the unique S-branch containing ~y
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The representation theorem (continued)

Definition (Debs-Saint Raymond)

e (2<¥)¥: product of the discrete topology on 2<%
e Let R be a tree relation. [R]C(2<¥)“: induced topology, Polish.
e Basic clopen sets: NR:={y€[R] | v(hr(s))=s}, se2<
e Let R, S be tree relations with RCS. The canonical map
M:[R]—[S] is defined by

M(vy):= the unique S-branch containing ~y

It is continuous
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The representation theorem (continued)

Definition (Debs-Saint Raymond)

e (2<¥)¥: product of the discrete topology on 2<%

e Let R be a tree relation. [R]C(2<¥)“: induced topology, Polish.
e Basic clopen sets: NR:={y€[R] | v(hr(s))=s}, se2<

e Let R, S be tree relations with RCS. The canonical map
M:[R]—[S] is defined by

M(vy):= the unique S-branch containing ~y

It is continuous

o Let S be a tree relation.
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The representation theorem (continued)

Definition (Debs-Saint Raymond)

e (2<¥)¥: product of the discrete topology on 2<%

e Let R be a tree relation. [R]C(2<¥)“: induced topology, Polish.
e Basic clopen sets: NR:={y€[R] | v(hr(s))=s}, se2<

e Let R, S be tree relations with RCS. The canonical map
M:[R]—[S] is defined by

M(vy):= the unique S-branch containing ~y

It is continuous

e Let S be a tree relation. We say that RCS is distinguished in
S
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The representation theorem (continued)

Definition (Debs-Saint Raymond)

e (2<¥)¥: product of the discrete topology on 2<%

e Let R be a tree relation. [R]C(2<¥)“: induced topology, Polish.
e Basic clopen sets: NR:={y€[R] | v(hr(s))=s}, se2<

e Let R, S be tree relations with RCS. The canonical map
M:[R]—[S] is defined by

M(vy):= the unique S-branch containing ~y

It is continuous

e Let S be a tree relation. We say that RCS is distinguished in
Sif
sStSu
Vs, t,uc2<¥ = sRt
sRu
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The representation theorem (continued)

Definition (Debs-Saint Raymond)

o Let n<N;p.
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The representation theorem (continued)

Definition (Debs-Saint Raymond)

o Let n<Ry. A family (R?),<y of tree relations is a resolution
family
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The representation theorem (continued)

Definition (Debs-Saint Raymond)

o Let n<Ry. A family (R?),<y of tree relations is a resolution
family if
@ RP*L s a distinguished subtree of RP, for each p<n
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The representation theorem (continued)

Definition (Debs-Saint Raymond)

o Let n<Ry. A family (R?),<y of tree relations is a resolution
family if

@ Rr*l s a distinguished subtree of R”, for each p<n

o R :ﬂp<>\ RP, for each limit ordinal A<n
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The representation theorem (continued)

Definition (Debs-Saint Raymond)

o Let n<Ry. A family (R?),<y of tree relations is a resolution
family if

@ Rr*l s a distinguished subtree of R”, for each p<n

o R :ﬂp<)\ RP, for each limit ordinal A<n

Theorem (Debs-Saint Raymond)

Let n<Ny,
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The representation theorem (continued)

Definition (Debs-Saint Raymond)

o Let n<Ry. A family (R?),<y of tree relations is a resolution
family if

@ Rr*l s a distinguished subtree of R”, for each p<n

o R :ﬂp<)\ RP, for each limit ordinal A<n

Theorem (Debs-Saint Raymond)
Let n<Ry, and Pe l‘lgﬂ([g]).

Dominique Lecomte (collaboration with N. Greenberg, D. Ture  Forcing and colorings in a given Baire class



The representation theorem (continued)

Definition (Debs-Saint Raymond)

o Let n<Ry. A family (R?),<y of tree relations is a resolution
family if

@ Rr*l s a distinguished subtree of R”, for each p<n
o R :ﬂp<)\ RP, for each limit ordinal A<n

Theorem (Debs-Saint Raymond)

Let n<Ry, and Pe l‘lgﬂ([g]). Then there is a resolution family
(R?)p<y such that
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The representation theorem (continued)

Definition (Debs-Saint Raymond)

o Let n<Ry. A family (R?),<y of tree relations is a resolution
family if

@ Rr*l s a distinguished subtree of R”, for each p<n
o R :ﬂp<)\ RP, for each limit ordinal A<n

Theorem (Debs-Saint Raymond)

Let n<Ry, and Pe l‘lgﬂ([g]). Then there is a resolution family
(R?)p<y such that

Q RV=C
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The representation theorem (continued)

Definition (Debs-Saint Raymond)

o Let n<Ry. A family (R?),<y of tree relations is a resolution
family if

@ Rr*l s a distinguished subtree of R”, for each p<n
o R :ﬂp<)\ RP, for each limit ordinal A<n

Theorem (Debs-Saint Raymond)

Let n<Ry, and Pe l‘lgﬂ([g]). Then there is a resolution family
(R?)p<y such that

Q RV=C

@ the canonical map M:[R"]—[R°] is a continuous bijection
with 9 | -measurable inverse
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The representation theorem (continued)

Definition (Debs-Saint Raymond)

o Let n<Ry. A family (R?),<y of tree relations is a resolution
family if

@ Rr*l s a distinguished subtree of R”, for each p<n
o R :ﬂp<)\ RP, for each limit ordinal A<n

Theorem (Debs-Saint Raymond)

Let n<Ry, and Pe l‘lgﬂ([g]). Then there is a resolution family
(R?)p<y such that

Q@ R°=C
@ the canonical map M:[R"]—[R°] is a continuous bijection

with 9 | -measurable inverse
© the set M~Y(P) is a closed subset of [R"]
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Strongly represented I'IE;Jr2 sets

Let n <Ny,
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Strongly represented I'IE;Jr2 sets

Let n<Ny, and Pe I'I2+2([§]).
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Strongly represented I'IE;Jr2 sets

Let n<Ny, and Pe I'I2+2([g]). We say that P is

(a) represented
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Strongly represented I'IE;Jr2 sets

Let n<Ny, and Pe I'I2+2([g]). We say that P is

(a) represented if we can find a resolution family (R”),<y+1
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Strongly represented I'IE;Jr2 sets

Definition
Let n<Ny, and Pe I'I2+2([g]). We say that P is

(a) represented if we can find a resolution family (R”),<y+1
satisfying the conditions 1-3 of the representation theorem.
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Strongly represented I'IE;Jr2 sets

Definition

Let n<Ny, and Pe I'I2+2([g]). We say that P is

(a) represented if we can find a resolution family (R”),<y+1
satisfying the conditions 1-3 of the representation theorem. This
allows to define D:={se€2<* | NE"" nn=1(P)£p} U {()}
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Strongly represented I'IE;Jr2 sets

Definition

Let n<Ny, and Pe I'I2+2([g]). We say that P is

(a) represented if we can find a resolution family (R”),<y+1
satisfying the conditions 1-3 of the representation theorem. This
allows to define D:={s€2<« | NF""" n N=1(P)£0} U {()} and,
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Strongly represented I'IE;Jr2 sets

Definition

Let n<Ny, and Pe I'I2+2([g]). We say that P is

(a) represented if we can find a resolution family (R”),<y+1
satisfying the conditions 1-3 of the representation theorem. This
allows to define D:={s€2<« | NF""" n N=1(P)£0} U {()} and,
for () £s€2<“ and p <n,
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Strongly represented I'IE;Jr2 sets

Definition

Let n<Ny, and Pe I'I2+2([g]). We say that P is

(a) represented if we can find a resolution family (R”),<y+1
satisfying the conditions 1-3 of the representation theorem. This
allows to define D:={s€2<« | NF""" n N=1(P)£0} U {()} and,
for () #s€2<“ and p <n, s ”:=s|max{I/ <|s| | s|| R" s}
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Strongly represented I'IE;Jr2 sets

Definition
Let n<Ny, and Pe I'I2+2([g]). We say that P is

(a) represented if we can find a resolution family (R”),<y+1
satisfying the conditions 1-3 of the representation theorem. This
allows to define D:={s€2<« | NF""" n N=1(P)£0} U {()} and,
for ()#£s€2<¥ and p <n, s ”:=s|max{I<|s| | s|/ R? s}

(b) strongly represented
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Strongly represented MY, sets
Y n+2

Definition

Let n<Ny, and Pe I'I2+2([g]). We say that P is

(a) represented if we can find a resolution family (R”),<y+1
satisfying the conditions 1-3 of the representation theorem. This
allows to define D:={s€2<« | NF""" n N=1(P)£0} U {()} and,
for () #s€2<“ and p <n, s ”:=s|max{I/ <|s| | s|| R" s}

(b) strongly represented if we can find a resolution family
(R?)p<n+1
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Strongly represented I'ISJr2 sets

Definition

Let n<Ny, and Pe I'I2+2([g]). We say that P is

(a) represented if we can find a resolution family (R”),<y+1
satisfying the conditions 1-3 of the representation theorem. This
allows to define D:={s€2<« | NF""" n N=1(P)£0} U {()} and,
for () #s€2<“ and p <n, s ”:=s|max{I/ <|s| | s|| R" s}

(b) strongly represented if we can find a resolution family
(R?)p<n+1 satisfying the conditions 1-3 of the representation
theorem
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Strongly represented I'ISJr2 sets

Definition

Let n<Ny, and Pe I'I2+2([g]). We say that P is

(a) represented if we can find a resolution family (R”),<y+1
satisfying the conditions 1-3 of the representation theorem. This
allows to define D:={s€2<« | NF""" n N=1(P)£0} U {()} and,
for () #s€2<“ and p <n, s ”:=s|max{I/ <|s| | s|| R" s}

(b) strongly represented if we can find a resolution family
(R?)p<n+1 satisfying the conditions 1-3 of the representation
theorem and moreover the condition

(s#() As0+£s)
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Strongly represented I'ISJr2 sets

Definition

Let n<Ny, and Pe I'I2+2([g]). We say that P is

(a) represented if we can find a resolution family (R”),<y+1
satisfying the conditions 1-3 of the representation theorem. This
allows to define D:={s€2<« | NF""" n N=1(P)£0} U {()} and,
for () #s€2<“ and p <n, s ”:=s|max{I/ <|s| | s|| R" s}

(b) strongly represented if we can find a resolution family
(R?)p<n+1 satisfying the conditions 1-3 of the representation
theorem and moreover the condition

(sZ()AsO#4s)=>s¢D
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Strongly represented I'ISJr2 sets

Definition

Let n<Ny, and Pe I'I2+2([g]). We say that P is

(a) represented if we can find a resolution family (R”),<y+1
satisfying the conditions 1-3 of the representation theorem. This
allows to define D:={s€2<« | NF""" n N=1(P)£0} U {()} and,
for () #s€2<“ and p <n, s ”:=s|max{I/ <|s| | s|| R" s}

(b) strongly represented if we can find a resolution family
(R?)p<n+1 satisfying the conditions 1-3 of the representation
theorem and moreover the condition

(sZO)AsO#4s)=>s¢D A

Vs™"Cu,vCs
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Strongly represented MY, sets
Y n+2

Definition

Let n<Ny, and Pe I'I2+2([g]). We say that P is

(a) represented if we can find a resolution family (R”),<y+1
satisfying the conditions 1-3 of the representation theorem. This
allows to define D:={s€2<« | NF""" n N=1(P)£0} U {()} and,
for () #s€2<“ and p <n, s ”:=s|max{I/ <|s| | s|| R" s}

(b) strongly represented if we can find a resolution family
(R?)p<n+1 satisfying the conditions 1-3 of the representation
theorem and moreover the condition

(sZO)AsO#4s)=>s¢D A
VsTTCu,vCs dteD
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Strongly represented MY, sets
Y n+2

Definition

Let n<Ny, and Pe I'I2+2([g]). We say that P is

(a) represented if we can find a resolution family (R”),<y+1
satisfying the conditions 1-3 of the representation theorem. This
allows to define D:={s€2<« | NF""" n N=1(P)£0} U {()} and,
for () #s€2<“ and p <n, s ”:=s|max{I/ <|s| | s|| R" s}

(b) strongly represented if we can find a resolution family
(R?)p<n+1 satisfying the conditions 1-3 of the representation
theorem and moreover the condition

(sZO)AsO#4s)=>s¢D A

Vs~"Cu,vCs JteD s 7Ct R" u,v
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Strongly represented MY, sets
Y n+2

Definition

Let n<Ny, and Pe I'I2+2([g]). We say that P is

(a) represented if we can find a resolution family (R”),<y+1
satisfying the conditions 1-3 of the representation theorem. This
allows to define D:={s€2<« | NF""" n N=1(P)£0} U {()} and,
for () #s€2<“ and p <n, s ”:=s|max{I/ <|s| | s|| R" s}

(b) strongly represented if we can find a resolution family
(R?)p<n+1 satisfying the conditions 1-3 of the representation
theorem and moreover the condition

(sZO)AsO#4s)=>s¢D A

Vs TCu,vCs dteD s "CtR"u,v ANs "Rt
v
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The fourth digraphs

o Let Q;eMy(2v),
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The fourth digraphs

o Let Q;€MNY(2+), so that P:=h[Q3] € N3([<])
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The fourth digraphs

o Let Q;€MNY(2+), so that P:=h[Q3] € N3([<])
e Assume that P is strongly represented with witness (R”),<2,
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The fourth digraphs

o Let Q;€MNY(2+), so that P:=h[Q3] € N3([<])

e Assume that P is strongly represented with witness (R”),<2,
which gives D,
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The fourth digraphs

o Let Q;€MNY(2+), so that P:=h[Q3] € N3([<])

e Assume that P is strongly represented with witness (R”),<2,
which gives D, and canonical maps M1:[R?]—[R°] and
My :[RY]—[RO]
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The fourth digraphs

o Let Q;€MNY(2+), so that P:=h[Q3] € N3([<])

e Assume that P is strongly represented with witness (R”),<2,
which gives D, and canonical maps M1:[R?]—[R°] and

My :[RY]—[RO]

e Write, for s,t€2<% and a€2¥,
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The fourth digraphs

o Let Q;€MNY(2+), so that P:=h[Q3] € N3([<])

e Assume that P is strongly represented with witness (R”),<2,
which gives D, and canonical maps M1:[R?]—[R°] and

My :[RY]—[RO]

e Write, for s5,t€2<¥ and a€2¥, sCia < I'IIl (h()) ENSRl.
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The fourth digraphs

o Let Q;€MNY(2+), so that P:=h[Q3] € N3([<])

e Assume that P is strongly represented with witness (R”),<2,
which gives D, and canonical maps M1:[R?]—[R°] and

My :[RY]—[RO]

e Write, for s5,t€2<¥ and a€2¥, sCia < I'IIl (h()) ENSRl.
Similarly, sC1t < s RY t As#t
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The fourth digraphs

o Let Q;€MNY(2+), so that P:=h[Q3] € N3([<])

e Assume that P is strongly represented with witness (R”),<2,
which gives D, and canonical maps M1:[R?]—[R°] and

My :[RY]—[RO]

e Write, for s5,t€2<¥ and a€2¥, sCia < I'IIl (h()) ENSRl.
Similarly, sC1t < s RY t As#t

e Let 1:D—2<% be a map
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The fourth digraphs

o Let Q;€MNY(2+), so that P:=h[Q3] € N3([<])

e Assume that P is strongly represented with witness (R”),<2,
which gives D, and canonical maps M1:[R?]—[R°] and

My :[RY—[RO]

e Write, for s5,t€2<¥ and a€2¥, sCia < I'IIl (h()) ENSRl.
Similarly, sC1t < s RY t As#t

e Let 1:D—2<% be a map

e These objects allow us to define

X3:={(x,a)€2¥x2¥ |
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The fourth digraphs

o Let Q;€MNY(2+), so that P:=h[Q3] € N3([<])

e Assume that P is strongly represented with witness (R”),<2,
which gives D, and canonical maps M1:[R?]—[R°] and

My :[RY—[RO]

e Write, for s5,t€2<¥ and a€2¥, sCia < I'IIl (h()) ENSRl.
Similarly, sC1t < s RY t As#t

e Let 1:D—2<% be a map

e These objects allow us to define

X3:={(x,a)€2¥x2¥ | Vm,ncw
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The fourth digraphs

o Let Q;€MNY(2+), so that P:=h[Q3] € N3([<])

e Assume that P is strongly represented with witness (R”),<2,
which gives D, and canonical maps M1:[R?]—[R°] and

My :[RY—[RO]

e Write, for s5,t€2<¥ and a€2¥, sCia < I'IIl (h()) ENSRl.
Similarly, sC1t < s RY t As#t

e Let 1:D—2<% be a map

e These objects allow us to define

X3:={(x,a)€2¥x2¥ | Vm,ncw

(xlmCix|nCyx
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The fourth digraphs

o Let Q;€MNY(2+), so that P:=h[Q3] € N3([<])

e Assume that P is strongly represented with witness (R”),<2,

which gives D, and canonical maps M1:[R?]—[R°] and

My :[RY]—[RO]

e Write, for s5,t€2<¥ and a€2¥, sCia < I'IIl (h()) ENSRl.

Similarly, sC1t < s RY t As#t

e Let 1:D—2<% be a map

e These objects allow us to define

X3:={(x,a)€2¥x2¥ | Vm,ncw
(xlmCi1x|nC1x A x|m, x|n€ D)
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The fourth digraphs

o Let Q;€MNY(2+), so that P:=h[Q3] € N3([<])
e Assume that P is strongly represented with witness (R”),<2,
which gives D, and canonical maps M1:[R?]—[R°] and
My :[RY]—[RO]
e Write, for s5,t€2<¥ and a€2¥, sCia < I'IIl (h()) ENSRl.
Similarly, sC1t < s RY t As#t
e Let 1:D—2<% be a map
e These objects allow us to define
X3:={(x,a)€2¥x2¥ | Vm,ncw
(xlmCi1x|nC1x A x|m, x|n€ D) = a|(m+1) Cu(x|n)}
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The fourth digraphs

o Let Q;€MNY(2+), so that P:=h[Q3] € N3([<])
e Assume that P is strongly represented with witness (R”),<2,
which gives D, and canonical maps M1:[R?]—[R°] and
My :[RY]—[RO]
e Write, for s5,t€2<¥ and a€2¥, sCia < I'IIl (h()) ENSRl.
Similarly, sC1t < s RY t As#t
e Let 1:D—2<% be a map
e These objects allow us to define
X3:={(x,a)€2¥x2¥ | Vm,ncw
(xlmCi1x|nC1x A x|m, x|n€ D) = a|(m+1) Cu(x|n)}
o If x¢ Qs,
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The fourth digraphs

o Let Q;€MNY(2+), so that P:=h[Q3] € N3([<])
e Assume that P is strongly represented with witness (R”),<2,
which gives D, and canonical maps M1:[R?]—[R°] and
My :[RY]—[RO]
e Write, for s5,t€2<¥ and a€2¥, sCia < I'Il’1 (h()) ENSRl.
Similarly, sC1t < s RY t As#t
e Let 1:D—2<% be a map
e These objects allow us to define
X3:={(x,a)€2¥x2¥ | Vm,ncw
(xlmCi1x|nC1x A x|m, x|n€ D) = a|(m+1) Cu(x|n)}
o If x¢& @3, then there is N* maximal with M (h(x))(N*)€D.

Dominique Lecomte (collaboration with N. Greenberg, D. Ture  Forcing and colorings in a given Baire class



The fourth digraphs

o Let Q;€MNY(2+), so that P:=h[Q3] € N3([<])
e Assume that P is strongly represented with witness (R”),<2,
which gives D, and canonical maps M1:[R?]—[R°] and
My :[RY]—[RO]
o Write, for s,t€2<“ and a €2¥, sC1a < N} (h()) ENSRl.
Similarly, sC1t < s RY t As#t
e Let 1:D—2<% be a map
e These objects allow us to define
X3:={(x,a)€2¥x2¥ | Vm,ncw

(xlmCi1x|nC1x A x|m, x|n€ D) = a|(m+1) Cu(x|n)}
o If x¢& @3, then there is N* maximal with M (h(x))(N*)€D.
We set c*:=|M; ! (h(x))(N)]
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The fourth digraphs

o Let Q;€MNY(2+), so that P:=h[Q3] € N3([<])
e Assume that P is strongly represented with witness (R”),<2,
which gives D, and canonical maps M1:[R?]—[R°] and
My :[RY]—[RO]
o Write, for s,t€2<“ and a €2¥, sC1a < N} (h()) ENSRl.
Similarly, sC1t < s RY t As#t
e Let 1:D—2<% be a map
e These objects allow us to define
X3:={(x,a)€2¥x2¥ | Vm,ncw

(xlmCi1x|nC1x A x|m, x|n€ D) = a|(m+1) Cu(x|n)}
o If x¢& @3, then there is N* maximal with M (h(x))(N*)€D.
We set c*:=|M; ! (h(x))(N)]
o We set G3:={((x,507), (x,s1v)) €X3
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The fourth digraphs

o Let Q;€MNY(2+), so that P:=h[Q3] € N3([<])
e Assume that P is strongly represented with witness (R”),<2,
which gives D, and canonical maps M1:[R?]—[R°] and
My :[RY]—[RO]
o Write, for s,t€2<“ and a €2¥, sC1a < N} (h()) ENSRl.
Similarly, sC1t < s RY t As#t
e Let 1:D—2<% be a map
e These objects allow us to define
X3:={(x,a)€2¥x2¥ | Vm,ncw

(xlmCi1x|nC1x A x|m, x|n€ D) = a|(m+1) Cu(x|n)}
o If x¢& @3, then there is N* maximal with M (h(x))(N*)€D.
We set c*:=|M; ! (h(x))(N)]
o We set G3:={((x,507),(x,s17)) €X3 | x¢ Qs
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The fourth digraphs

o Let Q;€MNY(2+), so that P:=h[Q3] € N3([<])
e Assume that P is strongly represented with witness (R”),<2,
which gives D, and canonical maps M1:[R?]—[R°] and
My :[RY]—[RO]
o Write, for s,t€2<“ and a €2¥, sC1a < N} (h()) ENSRl.
Similarly, sC1t < s RY t As#t
e Let 1:D—2<% be a map
e These objects allow us to define
X3:={(x,a)€2¥x2¥ | Vm,ncw

(xlmCi1x|nC1x A x|m, x|n€ D) = a|(m+1) Cu(x|n)}
o If x¢& @3, then there is N* maximal with M (h(x))(N*)€D.
We set c*:=|M; ! (h(x))(N)]
o We set G3:={((x,507),(x,s17)) €X3 | x¢ Q3 A |s|=c*}
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The “one holds” part of the theorem for 3-colorings

e X3 is a zero-dimensional Polish space,

A
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The “one holds” part of the theorem for 3-colorings

e X3 is a zero-dimensional Polish space, and G3 is a )'_'g relation on
X3.

A
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The “one holds” part of the theorem for 3-colorings

e X3 is a zero-dimensional Polish space, and G3 is a )'_'g relation on
X3. If moreover X is a Polish space

A
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The “one holds” part of the theorem for 3-colorings

e X3 is a zero-dimensional Polish space, and G3 is a )'_'g relation on
X3. If moreover X is a Polish space and R is an analytic relation
on X,
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The “one holds” part of the theorem for 3-colorings

e X3 is a zero-dimensional Polish space, and G3 is a )'_'g relation on
X3. If moreover X is a Polish space and R is an analytic relation
on X, then one of the following holds:

O there is a countable A-measurable coloring of R,

Dominique Lecomte (collaboration with N. Greenberg, D. Ture  Forcing and colorings in a given Baire class



The “one holds” part of the theorem for 3-colorings

e X3 is a zero-dimensional Polish space, and G3 is a )'_'g relation on
X3. If moreover X is a Polish space and R is an analytic relation
on X, then one of the following holds:

O there is a countable A-measurable coloring of R,

@ there is a continuous homomorphism from G3 into R.
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The “one holds” part of the theorem for 3-colorings

e X3 is a zero-dimensional Polish space, and G3 is a )'_'g relation on
X3. If moreover X is a Polish space and R is an analytic relation
on X, then one of the following holds:

O there is a countable A-measurable coloring of R,
@ there is a continuous homomorphism from G3 into R.

e Moreover, we can find @3,
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The “one holds” part of the theorem for 3-colorings

e X3 is a zero-dimensional Polish space, and G3 is a )'_'g relation on
X3. If moreover X is a Polish space and R is an analytic relation
on X, then one of the following holds:

O there is a countable A-measurable coloring of R,
@ there is a continuous homomorphism from G3 into R.

e Moreover, we can find Q3, a strong representation of h[Qs],
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The “one holds” part of the theorem for 3-colorings

e X3 is a zero-dimensional Polish space, and G3 is a )'_'g relation on
X3. If moreover X is a Polish space and R is an analytic relation
on X, then one of the following holds:

O there is a countable A-measurable coloring of R,
@ there is a continuous homomorphism from G3 into R.

e Moreover, we can find Q3, a strong representation of h[Q3], and
w:D—2<

Dominique Lecomte (collaboration with N. Greenberg, D. Ture  Forcing and colorings in a given Baire class



The “one holds” part of the theorem for 3-colorings

e X3 is a zero-dimensional Polish space, and G3 is a )'_'g relation on
X3. If moreover X is a Polish space and R is an analytic relation
on X, then one of the following holds:

O there is a countable A-measurable coloring of R,
@ there is a continuous homomorphism from G3 into R.

e Moreover, we can find Q3, a strong representation of h[Q3], and
w:D—2<% for which this is a true dichotomy.
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The “one holds” part of the theorem for 3-colorings

e X3 is a zero-dimensional Polish space, and G3 is a )'_'g relation on
X3. If moreover X is a Polish space and R is an analytic relation
on X, then one of the following holds:

O there is a countable A-measurable coloring of R,
@ there is a continuous homomorphism from G3 into R.

e Moreover, we can find Q3, a strong representation of h[Q3], and
w:D—2<% for which this is a true dichotomy.

Let P be a MY subset of [C].
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The “one holds” part of the theorem for 3-colorings

e X3 is a zero-dimensional Polish space, and G3 is a )'_'g relation on
X3. If moreover X is a Polish space and R is an analytic relation
on X, then one of the following holds:

O there is a countable A-measurable coloring of R,
@ there is a continuous homomorphism from G3 into R.

e Moreover, we can find Q3, a strong representation of h[Q3], and
w:D—2<% for which this is a true dichotomy.

Let P be a MY subset of [C]. Then P is strongly represented.
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Ordering nodes of the same rank and finite functions

e Assume that 1<¢& <wiK
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Ordering nodes of the same rank and finite functions

e Assume that 1<¢& <wiK

o Let n<¢
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Ordering nodes of the same rank and finite functions

e Assume that 1<¢& <wiK
o Let n<¢

e We (uniformly) fix a recursive w-ordering < on the set of nodes
of T¢ of rank 7,
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Ordering nodes of the same rank and finite functions

e Assume that 1<¢& <wiK
o Let n<¢

e We (uniformly) fix a recursive w-ordering < on the set of nodes
of T¢ of rank 7, in such a way that,
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Ordering nodes of the same rank and finite functions

e Assume that 1<¢& <wiK
o Let n<¢

e We (uniformly) fix a recursive w-ordering < on the set of nodes
of T¢ of rank 7, in such a way that, if s~ m and s™ n have rank
and m<n,
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Ordering nodes of the same rank and finite functions

e Assume that 1<¢& <wiK
o Let n<¢

e We (uniformly) fix a recursive w-ordering < on the set of nodes
of T¢ of rank 7, in such a way that, if s~ m and s™ n have rank
and m<n, then s"m<}s™n
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Ordering nodes of the same rank and finite functions

e Assume that 1<¢& <wiK
o Let n<¢

e We (uniformly) fix a recursive w-ordering < on the set of nodes
of T¢ of rank 7, in such a way that, if s~ m and s™ n have rank
and m<n, then s"m<}s™n

e Let b, €w be the least upper bound of 7 in &
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Ordering nodes of the same rank and finite functions

e Assume that 1<¢& <wiK
o Let n<¢

e We (uniformly) fix a recursive w-ordering < on the set of nodes
of T¢ of rank 7, in such a way that, if s~ m and s™ n have rank
and m<n, then s"m<}s™n

e Let b, €w be the least upper bound of 7 in &
o |et
2L :={p: L —2 | Domain(yp) is finite A
s <4 t€Domain(yp) = s€Domain(y)}

Dominique Lecomte (collaboration with N. Greenberg, D. Ture  Forcing and colorings in a given Baire class



Ordering nodes of the same rank and finite functions

e Assume that 1<¢& <wiK
o Let n<¢

e We (uniformly) fix a recursive w-ordering < on the set of nodes
of T¢ of rank 7, in such a way that, if s~ m and s™ n have rank
and m<n, then s"m<}s™n

e Let b, €w be the least upper bound of 7 in &
o Let
2L :={p: L —2 | Domain(yp) is finite A
s <4 t€Domain(yp) = s€Domain(y)}
o Let pc2<te
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Finite labellings of the recursive trees

e We, inductively on |p|, define a finite partial labelling L?:7¢ —2
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Finite labellings of the recursive trees

e We, inductively on |p|, define a finite partial labelling L#:7¢ —2
approximating L* when x € 2%¢ extends ¢, as follows:
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Finite labellings of the recursive trees

e We, inductively on |p|, define a finite partial labelling L#:7¢ —2
approximating L* when x € 2%¢ extends ¢, as follows:
Q If o=(), then L¥ is empty
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Finite labellings of the recursive trees

e We, inductively on |p|, define a finite partial labelling L#:7¢ —2
approximating L* when x € 2%¢ extends ¢, as follows:
Q If o=(), then L¥ is empty
@ If o#(), then we (partially) define L¥(s) by induction on the
rank of s.
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Finite labellings of the recursive trees

e We, inductively on |p|, define a finite partial labelling L#:7¢ —2
approximating L* when x € 2%¢ extends ¢, as follows:
Q If o=(), then L¥ is empty
@ If o#(), then we (partially) define L¥(s) by induction on the
rank of s. If s has rank 0, then L?(s):=(s),
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Finite labellings of the recursive trees

e We, inductively on |p|, define a finite partial labelling L#:7¢ —2
approximating L* when x € 2%¢ extends ¢, as follows:
Q If o=(), then L¥ is empty
@ If o#(), then we (partially) define L¥(s) by induction on the
rank of s. If s has rank 0, then L?(s):=(s), which defines
the restriction Ly of L¥ to nodes of rank <7 <¢ when n=1
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Finite labellings of the recursive trees

e We, inductively on |p|, define a finite partial labelling L#:7¢ —2
approximating L* when x € 2%¢ extends ¢, as follows:
Q If o=(), then L¥ is empty
@ If o#(), then we (partially) define L¥(s) by induction on the
rank of s. If s has rank 0, then L?(s):=(s), which defines
the restriction Ly of L¥ to nodes of rank <7 <¢ when n=1
© If n<¢ and there are at most b,-many ) C ¢ such that
LycLy,
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Finite labellings of the recursive trees

e We, inductively on |p|, define a finite partial labelling L#:7¢ —2
approximating L* when x € 2%¢ extends ¢, as follows:
Q If o=(), then L¥ is empty
@ If o#(), then we (partially) define L¥(s) by induction on the
rank of s. If s has rank 0, then L?(s):=(s), which defines
the restriction Ly of L¥ to nodes of rank <7 <¢ when n=1
© If n<¢ and there are at most b,-many ) C ¢ such that
ngLﬁ, then L?(s) is undefined for all s of rank n
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Finite labellings of the recursive trees

e We, inductively on |p|, define a finite partial labelling L#:7¢ —2
approximating L* when x € 2%¢ extends ¢, as follows:
Q If o=(), then L¥ is empty
@ If o#(), then we (partially) define L¥(s) by induction on the
rank of s. If s has rank 0, then L?(s):=(s), which defines
the restriction Ly of L¥ to nodes of rank <7 <¢ when n=1
© If n<¢ and there are at most b,-many ) C ¢ such that
ngLﬁ, then L?(s) is undefined for all s of rank n

Q@ Otherwise, let 1) be the longest 1) C ¢ such that L?, cLy,
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Finite labellings of the recursive trees

e We, inductively on |p|, define a finite partial labelling L#:7¢ —2
approximating L* when x € 2%¢ extends ¢, as follows:
Q If o=(), then L¥ is empty
@ If o#(), then we (partially) define L¥(s) by induction on the
rank of s. If s has rank 0, then L?(s):=(s), which defines
the restriction Ly of L¥ to nodes of rank <7 <¢ when n=1
© If n<¢ and there are at most b,-many ) C ¢ such that
ngLﬁ, then L?(s) is undefined for all s of rank n

@ Otherwise, let 1 be the longest 1) C ¢ such that L?,QL%’, and
t be () if n=¢,
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Finite labellings of the recursive trees

e We, inductively on |p|, define a finite partial labelling L#:7¢ —2
approximating L* when x € 2%¢ extends ¢, as follows:
Q If o=(), then L¥ is empty
@ If o#(), then we (partially) define L¥(s) by induction on the
rank of s. If s has rank 0, then L?(s):=(s), which defines
the restriction Ly of L¥ to nodes of rank <7 <¢ when n=1
© If n<¢ and there are at most b,-many ) C ¢ such that
ngLﬁ, then L?(s) is undefined for all s of rank n
@ Otherwise, let 1 be the longest 1) C ¢ such that L?,QL%’, and
t be () if n=¢&, and t be the <}-least node such that either
o L¥(t) is undefined
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Finite labellings of the recursive trees

e We, inductively on |p|, define a finite partial labelling L#:7¢ —2
approximating L* when x € 2%¢ extends ¢, as follows:
Q If o=(), then L¥ is empty
@ If o#(), then we (partially) define L¥(s) by induction on the
rank of s. If s has rank 0, then L?(s):=(s), which defines
the restriction Ly of L¥ to nodes of rank <7 <¢ when n=1
© If n<¢ and there are at most b,-many ) C ¢ such that
ngLﬁ, then L?(s) is undefined for all s of rank n
@ Otherwise, let 1 be the longest 1) C ¢ such that L?,QL%’, and
t be () if n=¢&, and t be the <}-least node such that either

o L¥(t) is undefined or
o LY(t)=1, and there is n with L¥(t"n)=1
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Finite labellings of the recursive trees

e We, inductively on |p|, define a finite partial labelling L#:7¢ —2
approximating L* when x € 2%¢ extends ¢, as follows:
Q If o=(), then L¥ is empty
@ If o#(), then we (partially) define L¥(s) by induction on the
rank of s. If s has rank 0, then L?(s):=(s), which defines
the restriction Ly of L¥ to nodes of rank <7 <¢ when n=1
© If n<¢ and there are at most b,-many ) C ¢ such that
ngLﬁ, then L?(s) is undefined for all s of rank n
@ Otherwise, let 1 be the longest 1) C ¢ such that L?,QL%’, and
t be () if n=¢&, and t be the <}-least node such that either
o L¥(t) is undefined or
o L¥(t)=1, and there is n with L¥(t"n)=1
if n<&.
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Finite labellings of the recursive trees

e We, inductively on |p|, define a finite partial labelling L#:7¢ —2
approximating L* when x € 2%¢ extends ¢, as follows:
Q If o=(), then L¥ is empty
@ If o#(), then we (partially) define L¥(s) by induction on the
rank of s. If s has rank 0, then L?(s):=(s), which defines
the restriction Ly of L¥ to nodes of rank <7 <¢ when n=1
© If n<¢ and there are at most b,-many ) C ¢ such that
ngLﬁ, then L?(s) is undefined for all s of rank n
@ Otherwise, let 1 be the longest 1) C ¢ such that L?,QL%’, and
t be () if n=¢&, and t be the <}-least node such that either

o L¥(t) is undefined or
o LY(t)=1, and there is n with L¥(t"n)=1
if n<&. If s has rank 7,
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Finite labellings of the recursive trees

e We, inductively on |p|, define a finite partial labelling L#:7¢ —2
approximating L* when x € 2%¢ extends ¢, as follows:
Q If o=(), then L¥ is empty
@ If o#(), then we (partially) define L¥(s) by induction on the
rank of s. If s has rank 0, then L?(s):=(s), which defines
the restriction Ly of L¥ to nodes of rank <7 <¢ when n=1
© If n<¢ and there are at most b,-many ) C ¢ such that
ngLﬁ, then L?(s) is undefined for all s of rank n
@ Otherwise, let 1 be the longest 1) C ¢ such that L?,QL%’, and
t be () if n=¢&, and t be the <}-least node such that either
o L¥(t) is undefined or
o L¥(t)=1, and there is n with L¥(t"n)=1
if n<&. If s has rank 7, then
o LP(s):=LY(s) if s<}t
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Finite labellings of the recursive trees

e We, inductively on |p|, define a finite partial labelling L#:7¢ —2
approximating L* when x € 2%¢ extends ¢, as follows:
Q If o=(), then L¥ is empty
@ If o#(), then we (partially) define L¥(s) by induction on the
rank of s. If s has rank 0, then L?(s):=(s), which defines
the restriction Ly of L¥ to nodes of rank <7 <¢ when n=1
© If n<¢ and there are at most b,-many ) C ¢ such that
ngLﬁ, then L?(s) is undefined for all s of rank n
@ Otherwise, let 1 be the longest 1) C ¢ such that L?,QL%’, and
t be () if n=¢&, and t be the <}-least node such that either
o L¥(t) is undefined or
o L¥(t)=1, and there is n with L¥(t"n)=1
if n<&. If s has rank 7, then
o LP(s):=LY(s) if s<}t
o L¥(s) is undefined if s>)t
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Finite labellings of the recursive trees

e We, inductively on |p|, define a finite partial labelling L#:7¢ —2
approximating L* when x € 2%¢ extends ¢, as follows:
Q If o=(), then L¥ is empty
@ If o#(), then we (partially) define L¥(s) by induction on the
rank of s. If s has rank 0, then L?(s):=(s), which defines
the restriction Ly of L¥ to nodes of rank <7 <¢ when n=1
© If n<¢ and there are at most b,-many ) C ¢ such that
ngLﬁ, then L?(s) is undefined for all s of rank n
@ Otherwise, let 1 be the longest 1) C ¢ such that L?,QL%’, and
t be () if n=¢&, and t be the <}-least node such that either
o L¥(t) is undefined or
o LY(t)=1, and there is n with L¥(t"n)=1
if n<&. If s has rank 7, then
o LP(s):=LY(s) if s<}t
o L¥(s) is undefined if s>}t
° L‘p(t)::l,
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Finite labellings of the recursive trees

e We, inductively on |p|, define a finite partial labelling L#:7¢ —2
approximating L* when x € 2%¢ extends ¢, as follows:
Q If o=(), then L¥ is empty
@ If o#(), then we (partially) define L¥(s) by induction on the
rank of s. If s has rank 0, then L?(s):=(s), which defines
the restriction Ly of L¥ to nodes of rank <7 <¢ when n=1
© If n<¢ and there are at most b,-many ) C ¢ such that
ngLﬁ, then L?(s) is undefined for all s of rank n
@ Otherwise, let 1 be the longest 1) C ¢ such that L?,gﬁ’, and
t be () if n=¢&, and t be the <}-least node such that either
o L¥(t) is undefined or
o LY(t)=1, and there is n with L¥(t"n)=1
if n<&. If s has rank 7, then
o LP(s):=LY(s) if s<}t
o L¥(s) is undefined if s>}t
o L?(t):=1, unless there is n with L?(t™n)=1,
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Finite labellings of the recursive trees

e We, inductively on |p|, define a finite partial labelling L#:7¢ —2
approximating L* when x € 2%¢ extends ¢, as follows:
Q If o=(), then L¥ is empty
@ If o#(), then we (partially) define L¥(s) by induction on the
rank of s. If s has rank 0, then L?(s):=(s), which defines
the restriction Ly of L¥ to nodes of rank <7 <¢ when n=1
© If n<¢ and there are at most b,-many ) C ¢ such that
ngLﬁ, then L?(s) is undefined for all s of rank n
@ Otherwise, let 1 be the longest 1) C ¢ such that L?,gﬁ’, and
t be () if n=¢&, and t be the <}-least node such that either
o L¥(t) is undefined or
o LY(t)=1, and there is n with L¥(t"n)=1
if n<&. If s has rank 7, then
o LP(s):=LY(s) if s<}t
o L¥(s) is undefined if s>}t
o L?(t):=1, unless there is n with L?(t™n)=1, in which case
L?(t):=0
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e Assume that 1§§<w1CK
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e Assume that 1§§<w1CK

o let 1<n<E+1
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e Assume that 1< ¢ <wK
o let 1<n<E+1

e Let, for xe2%¢, L; be the restriction of L* to nodes of rank <7
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e Assume that 1< ¢ <wK
o let 1<n<E+1
e Let, for xe2%¢, L; be the restriction of L* to nodes of rank <7

e We write, for 1, ¢€2§£5,
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e Assume that 1< ¢ <wK
o let 1<n<E+1
e Let, for xe2%¢, L; be the restriction of L* to nodes of rank <7

o We write, for 1, p €25%¢, Y =, when L}é’g Ly
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A new unique changed coordinate

e Assume that 3§§<w1CK is the successor of a successor ordinal,
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A new unique changed coordinate

e Assume that 3§§<w1CK is the successor of a successor ordinal,
so that £":=¢—2 is defined
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A new unique changed coordinate

e Assume that 3§§<w1CK is the successor of a successor ordinal,
so that £":=¢—2 is defined

o Let pe2<Fe,
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A new unique changed coordinate

e Assume that 3§§<w1CK is the successor of a successor ordinal,
so that £":=¢—2 is defined

o Let ¢€2<£5. We define, by induction on |¢|,
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A new unique changed coordinate

e Assume that 3§§<w1CK is the successor of a successor ordinal,
so that £":=¢—2 is defined

o Let ¢€2<£5. We define, by induction on |p], n¥ €w
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A new unique changed coordinate

e Assume that 3§§<w1CK is the successor of a successor ordinal,
so that £":=¢—2 is defined

o Let ¢€2<£5. We define, by induction on |p|, n¥ €w and, for
m<n?, k¥(m)€w.
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A new unique changed coordinate

e Assume that 3§§<w1CK is the successor of a successor ordinal,
so that £":=¢—2 is defined

o Let ¢€2<£5. We define, by induction on |p|, n¥ €w and, for
m<n?, k¥(m)€w. First, n0:=0.
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A new unique changed coordinate

e Assume that 3§§<w1CK is the successor of a successor ordinal,
so that £":=¢—2 is defined

o Let ¢€2<£5. We define, by induction on |p|, n¥ €w and, for
m<n?, k¥(m)€w. First, n!:=0. Assume that ¢ (),
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A new unique changed coordinate

e Assume that 3§§<w1CK is the successor of a successor ordinal,
so that £":=¢—2 is defined

o Let ¢€2<£5. We define, by induction on |p|, n¥ €w and, for
m<n¥, k?(m)€w. First, n¥:=0. Assume that ¢+ (), and that 1
is the longest such that ¢ <¢
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A new unique changed coordinate

e Assume that 3§§<w1CK is the successor of a successor ordinal,
so that £":=¢—2 is defined

o Let ¢€2<£5. We define, by induction on |p|, n¥ €w and, for
m<n¥, k?(m)€w. First, n¥:=0. Assume that ¢+ (), and that 1
is the longest such that ¢ <¢
o Let
o min{m<n¥ | Jacw L¥((m, k¥(m),a))=1} if it exists
n¥+1 otherwise
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A new unique changed coordinate

e Assume that 3§§<w1CK is the successor of a successor ordinal,
so that £":=¢—2 is defined

o Let ¢€2<£5. We define, by induction on |p|, n¥ €w and, for
m<n¥, k?(m)€w. First, n¥:=0. Assume that ¢+ (), and that 1
is the longest such that ¢ <¢

o Let

o min{m<n¥ | Jacw L¥((m, k¥(m),a))=1} if it exists
| n¥+1 otherwise

o Let k¥(m):=min{kcw |Vacw L?((m, k,a))#1}
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A new unique changed coordinate

e Assume that 3§§<w1CK is the successor of a successor ordinal,
so that £":=¢—2 is defined

o Let ¢€2<£5. We define, by induction on |p|, n¥ €w and, for
m<n¥, k?(m)€w. First, n¥:=0. Assume that ¢+ (), and that 1
is the longest such that ¢ <¢

o Let

o min{m<n¥ | Jacw L¥((m, k¥(m),a))=1} if it exists
| n¥+1 otherwise

o Let k¥(m):=min{kcw |Vacw L?((m, k,a))#1}

o Let 1), pe2=he,
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A new unique changed coordinate

e Assume that 3§§<w1CK is the successor of a successor ordinal,
so that £":=¢—2 is defined

o Let ¢€2<£5. We define, by induction on |p|, n¥ €w and, for
m<n¥, k?(m)€w. First, n¥:=0. Assume that ¢+ (), and that 1
is the longest such that ¢ <¢

o Let

o min{m<n¥ | Jacw L¥((m, k¥(m),a))=1} if it exists
| n¥+1 otherwise

o Let k¥(m):=min{kcw |Vacw L?((m, k,a))#1}
o Let ¥, p €25, We write

lbgm@@?ﬁjg*@
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A new unique changed coordinate

e Assume that 3§§<w1CK is the successor of a successor ordinal,
so that £":=¢—2 is defined

o Let ¢€2<£5. We define, by induction on |p|, n¥ €w and, for
m<n¥, k?(m)€w. First, n¥:=0. Assume that ¢+ (), and that 1
is the longest such that ¢ <¢

o Let

o min{m<n¥ | Jacw L¥((m, k¥(m),a))=1} if it exists
| n¥+1 otherwise

o Let k¥(m):=min{kcw |Vacw L?((m, k,a))#1}
o Let ¥, p €25, We write
Y Cm o & P =e0 Am<min(n¥, n?)
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A new unique changed coordinate

e Assume that 3§§<w1CK is the successor of a successor ordinal,
so that £":=¢—2 is defined

o Let ¢€2<£5. We define, by induction on |p|, n¥ €w and, for
m<n¥, k?(m)€w. First, n¥:=0. Assume that ¢+ (), and that 1
is the longest such that ¢ <¢

o Let

o min{m<n¥ | Jacw L¥((m, k¥(m),a))=1} if it exists
| n¥+1 otherwise

o Let k¥(m):=min{kcw |Vacw L?((m, k,a))#1}
o Let ¥, p €25, We write
Y& Y=o Am<min(n¥, n?) AVI<m k¥(I)=k*(l)
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A new unique changed coordinate

e Assume that 3§§<w1CK is the successor of a successor ordinal,
so that £":=¢—2 is defined

o Let ¢€2<£5. We define, by induction on |p|, n¥ €w and, for
m<n¥, k?(m)€w. First, n¥:=0. Assume that ¢+ (), and that 1
is the longest such that ¢ <¢

o Let

o min{m<n¥ | Jacw L¥((m, k¥(m),a))=1} if it exists
| n¥+1 otherwise

o Let k¥(m):=min{kcw |Vacw L?((m, k,a))#1}
o Let ¥, p €25, We write

Y& Y=o Am<min(n¥, n?) AVI<m k¥(I)=k*(l)
o We set, for g0€2§£§
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A new unique changed coordinate

e Assume that 3§§<w1CK is the successor of a successor ordinal,
so that £":=¢—2 is defined

o Let ¢€2<£5. We define, by induction on |p|, n¥ €w and, for
m<n¥, k?(m)€w. First, n¥:=0. Assume that ¢+ (), and that 1
is the longest such that ¢ <¢

o Let

o min{m<n¥ | Jacw L¥((m, k¥(m),a))=1} if it exists
| n¥+1 otherwise

o Let k¥(m):=min{kcw |Vacw L?((m, k,a))#1}
o Let ¥, p €25, We write
Y& Y=o Am<min(n¥, n?) AVI<m k¥(I)=k*(l)

o We set, for g0€2§£§ and m<n¥ finite,
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A new unique changed coordinate

e Assume that 3§§<w1CK is the successor of a successor ordinal,
so that £":=¢—2 is defined

o Let ¢€2<£5. We define, by induction on |p|, n¥ €w and, for
m<n¥, k?(m)€w. First, n¥:=0. Assume that ¢+ (), and that 1
is the longest such that ¢ <¢

o Let

o min{m<n¥ | Jacw L¥((m, k¥(m),a))=1} if it exists
| n¥+1 otherwise

o Let k¥(m):=min{kcw |Vacw L?((m, k,a))#1}
o Let ¥, p €25, We write

Y& Y=o Am<min(n¥, n?) AVI<m k¥(I)=k*(l)
o We set, for g0€2§£§ and m<n¥ finite,

c?(m):=min{|¢y| | ¥ Cp ¢}
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