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Origins: the G0-dichotomy

Theorem (Kechris, Solecki, Todorčević)

There is a Borel relation G0 on 2ω such that,

for any Polish space
X and any analytic relation R on X , exactly one of the following
holds:

1 there is c :X→ω Borel such that R ⊆ (c×c)−1( ̸=), i.e., a
countable Borel coloring of R

2 there is h :2ω→X continuous such that G0 ⊆ (h×h)−1(R),
i.e., a continuous homomorphism from G0 into R
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Origins: the G0-dichotomy

Theorem (Kechris, Solecki, Todorčević)
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There is a Borel relation G0 on 2ω such that, for any Polish space
X and any analytic relation R on X , exactly one of the following
holds:

1 there is c :X→ω Borel such that R ⊆ (c×c)−1( ̸=), i.e., a
countable Borel coloring of R

2 there is h :2ω→X continuous such that G0 ⊆ (h×h)−1(R),
i.e., a continuous homomorphism from G0 into R

Dominique Lecomte (collaboration with N. Greenberg, D. Turetsky and M. Zelený)Forcing and colorings in a given Baire class



A level by level version for the first three levels

Theorem (L-Zelený)

Let ξ∈{1, 2, 3}.

Then we can find a zero-dimensional Polish space
Xξ and a Borel relation Gξ on Xξ such that, for any
(zero-dimensional if ξ=1) Polish space X and any analytic relation
R on X , exactly one of the following holds:

1 there is a countable ∆0
ξ-measurable coloring of R

2 there is a continuous homomorphism from Gξ into R

Question

Can we generalize this theorem to any countable ordinal?
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A topological characterization

Definition

• The diagonal of a set X is ∆(X ) :={(x , x) | x ∈X}

• A relation D on a set X is a digraph if D ∩∆(X )=∅
• (Louveau) Let X be a recursively presented Polish space, τ1 be
the topology of X , and τξ be the topology generated by the
Σ 1
1 ∩Π0

<ξ subsets of X if 2≤ξ<ωCK
1

Theorem (L-Zelený)

Let 1≤ξ<ωCK
1 , X be a (zero-dimensional if ξ=1) recursively

presented Polish space, and R be a Σ 1
1 relation on X . Then

exactly one of the following holds:

1 there is a countable ∆0
ξ-measurable coloring of R

2 ∆(X ) ∩ R
τξ×τξ ̸=∅
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Let 1≤ξ<ωCK
1 , X be a (zero-dimensional if ξ=1) recursively

presented Polish space, and R be a Σ 1
1 relation on X . Then

exactly one of the following holds:

1 there is a countable ∆0
ξ-measurable coloring of R

2 ∆(X ) ∩ R
τξ×τξ ̸=∅

Dominique Lecomte (collaboration with N. Greenberg, D. Turetsky and M. Zelený)Forcing and colorings in a given Baire class



A topological characterization

Definition

• The diagonal of a set X is ∆(X ) :={(x , x) | x ∈X}
• A relation D on a set X is a digraph if D ∩∆(X )=∅
• (Louveau) Let X be a recursively presented Polish space, τ1 be
the topology of X ,

and τξ be the topology generated by the
Σ 1
1 ∩Π0

<ξ subsets of X if 2≤ξ<ωCK
1

Theorem (L-Zelený)
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A topological characterization

Definition

• The diagonal of a set X is ∆(X ) :={(x , x) | x ∈X}
• A relation D on a set X is a digraph if D ∩∆(X )=∅
• (Louveau) Let X be a recursively presented Polish space, τ1 be
the topology of X , and τξ be the topology generated by the
Σ 1
1 ∩Π0

<ξ subsets of X if 2≤ξ<ωCK
1

Theorem (L-Zelený)
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Recursive ordinals

• In the sequel, ξ<ωCK
1

• ξ is identified with a recursive well-ordering of a recursive subset
of ω, for which the successor relation and the set of limit points
are both recursive

• This gives, for every limit λ≤ξ and uniformly, a recursive
increasing and cofinal sequence (λn) in λ
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Recursive ordinals

• In the sequel, ξ<ωCK
1

• ξ is identified with a recursive well-ordering of a recursive subset
of ω, for which the successor relation and the set of limit points
are both recursive

• This gives, for every limit λ≤ξ and uniformly, a recursive
increasing and cofinal sequence (λn) in λ

Dominique Lecomte (collaboration with N. Greenberg, D. Turetsky and M. Zelený)Forcing and colorings in a given Baire class



The recursive trees

• Let Tξ⊆ω<ω be a recursive well-founded tree of rank ξ, which
has a recursive rank function, defined as follows:

The root ⟨⟩ of Tξ has rank ξ
If λ≤ξ is limit, with a chosen recursive increasing and cofinal
sequence (λn), and s∈Tξ has rank λ, then, for all n∈ω,
s⌢n∈Tξ has rank λn
If η < ξ and s∈Tξ has rank η+1, then, for all n∈ω, s⌢n∈Tξ
has rank η

• Let Lξ be the collection of leaves of Tξ (the nodes of rank 0)
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The labellings of the recursive trees

• Let x ∈2Lξ

• We inductively define a labelling Lx :Tξ→2 as follows:

1 If s∈Lξ, then Lx(s) :=x(s)

2 If s∈Tξ\Lξ, then

Lx(s)=0 ⇔ ∃n∈ω Lx(s⌢n)=1
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The labellings of the recursive trees

• Let x ∈2Lξ

• We inductively define a labelling Lx :Tξ→2 as follows:

1 If s∈Lξ, then Lx(s) :=x(s)

2 If s∈Tξ\Lξ, then

Lx(s)=0 ⇔ ∃n∈ω Lx(s⌢n)=1

Dominique Lecomte (collaboration with N. Greenberg, D. Turetsky and M. Zelený)Forcing and colorings in a given Baire class



The first digraphs

• Assume that ξ≥1

• Let x ∈ 2Lξ

• Let nx :=sup{n∈ω | ∀m<n Lx(⟨m⟩)=0}∈ω+1

• We identify 2Lξ with 2ω, and set Xξ :=2Lξ×2ω

• We define a digraph Jξ on Xξ as follows:

Jξ :=
{(

(x , s0γ), (x , s1γ)
)
∈X2

ξ | |s|=nx<ω
}
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• We identify 2Lξ with 2ω, and set Xξ :=2Lξ×2ω

• We define a digraph Jξ on Xξ as follows:
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{(

(x , s0γ), (x , s1γ)
)
∈X2

ξ | |s|=nx<ω
}

Dominique Lecomte (collaboration with N. Greenberg, D. Turetsky and M. Zelený)Forcing and colorings in a given Baire class
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The weak dichotomy

Theorem

Assume that ξ≥1,

X is a (zero-dimensional if ξ=1) recursively
presented Polish space, and R is a Σ 1

1 relation on X . Then the
following are equivalent:

1 there is no countable ∆0
ξ-measurable coloring of R

2 there is a homomorphism from (Xξ, Jξ) into (X ,R) which is
continuous when both spaces are equipped with τξ

3 there is a homomorphism h from (Xξ, Jξ) into (X ,R) such
that h−1(O)∈Σ0

ξ for every τξ-open set O
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The weak dichotomy

Theorem

Assume that ξ≥1, X is a (zero-dimensional if ξ=1) recursively
presented Polish space, and R is a Σ 1

1 relation on X . Then the
following are equivalent:

1 there is no countable ∆0
ξ-measurable coloring of R

2 there is a homomorphism from (Xξ, Jξ) into (X ,R) which is
continuous when both spaces are equipped with τξ

3 there is a homomorphism h from (Xξ, Jξ) into (X ,R) such
that h−1(O)∈Σ0

ξ for every τξ-open set O

Dominique Lecomte (collaboration with N. Greenberg, D. Turetsky and M. Zelený)Forcing and colorings in a given Baire class
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Notion of forcing

Definition

Let P be the set of partial functions p :Tξ⇀2 such that

1 p has finite domain

2 Ii s∈Tξ\Lξ, then

p(s)=0 ⇔ ∃n∈ω p(s⌢n)=1

The set P is partially ordered by q≤p ⇔ p⊆q. The elements of P
are forcing conditions

We set, for p∈P, [p] :={x ∈2Lξ | p⊂Lx}
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Filters, density and genericity

Definition

1 A filter on P is a nonempty subset of F of P satisfying the
following:

∀p, q∈F ∃r ∈F r≤p, q
∀p, q∈P (q≤p ∧ q∈F ) ⇒ p∈F

For a filter F ⊆P, we set xF :=(
⋃

F )|Lξ
2 A set D⊆P is dense if ∀p∈P ∃q∈D q≤p

3 Let D be a collection of dense subsets of P. A filter F on P is
D-generic if F intersects every D∈D
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Borel codes

Definition

1 We inductively define the collection of Borel codes of subsets
of 2Lξ as follows:

any partial function φ :Lξ⇀2 with finite domain is a Borel
code
if (φn) is an ω-sequence of Borel codes, then

∨
n φn is a Borel

code
if φ is a Borel code, then ¬φ is a Borel code

2 If φ is a Borel code, then [φ] is the Borel subset of 2Lξ coded
by φ:

if φ :Lξ⇀2 has finite domain, then [φ] :={x ∈2Lξ | φ⊂x}
[
∨

n φn] :=
⋃

n [φn]
[¬φ] :=2Lξ \[φ]
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Borel codes

Definition

1 We inductively define the collection of Borel codes of subsets
of 2Lξ as follows:

any partial function φ :Lξ⇀2 with finite domain is a Borel
code
if (φn) is an ω-sequence of Borel codes, then

∨
n φn is a Borel

code
if φ is a Borel code, then ¬φ is a Borel code

2 If φ is a Borel code, then [φ] is the Borel subset of 2Lξ coded
by φ:

if φ :Lξ⇀2 has finite domain, then [φ] :={x ∈2Lξ | φ⊂x}
[
∨

n φn] :=
⋃

n [φn]
[¬φ] :=2Lξ \[φ]

Dominique Lecomte (collaboration with N. Greenberg, D. Turetsky and M. Zelený)Forcing and colorings in a given Baire class
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The strong forcing relation

Definition

We inductively define the strong forcing relation ⊩∗ between P
and Borel codes.

Let p∈P
if φ :Lξ⇀2 has finite domain, then p ⊩∗ φ if p≤φ
p ⊩∗ ∨

n φn if p ⊩∗ φn for some n

p ⊩∗ ¬φ if there is no q≤p with q ⊩∗ φ

Definition

We mirror the Borel hierarchy

the Π0 codes are the partial functions φ :Lξ⇀2 with finite
domain

if η≥1, a code φ is Ση if it is of the form
∨

n φn, where each
φn is a Πθ code for some θ<η

if η≥1, a code φ is Πη if it is of the form ¬ψ, where ψ is a
Ση code
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Restriction of forcing conditions

Definition

Let p∈P,

and η≤ξ+1. We define a forcing condition p|η ⊆ p as
follows: (p|η)(s) is defined exactly when p(s) is defined, and either

1 rank(s)<η or

2 there is n∈ω such that p(s⌢n)=1 and rank(s⌢n)<η

We set Pη :={p|η | p∈P}, and τ∗η is the topology on 2Lξ

generated by {[p] | p∈Pη}
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The untagging lemma

Lemma

Let 1≤η≤ξ+1,

and φ be a Ση code.

1 There is a countable collection D of dense subsets of P such
that, for every D-generic filter F ,

xF ∈ [φ] ⇔ ∃p∈F ∩ Pη p ⊩∗ φ

2 The set
⋃
{[p] | p ⊩∗ φ} is τ∗η -open and equivalent to [φ]

modulo a τ∗η -meagre set

A similar result holds if we work with

• P×2<ω instead of P

• subsets of Xξ :=2Lξ×2ω instead of subsets of 2Lξ

allowing us to prove the weak dichotomy
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The second digraphs

• Assume that ξ≥3

• Let x ∈ 2Lξ

• Recall that nx :=sup{n∈ω | ∀m<n Lx(⟨m⟩)=0}

• Let, for m<nx , kx(m) :=min{k∈ω | Lx(⟨m, k⟩)=1}

• Let (αk) be a (uniformly recursive and) dense list of elements of
2ω

• Let Yξ :={(x , α)∈2Lξ×2ω | ∀m<nx α|(m+1)⊂αkx (m)}⊆Xξ
• Let Kξ :=

{(
(x , s0γ), (x , s1γ)

)
∈Yξ2 | |s|=nx<ω

}
⊆Jξ
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J3 does not satisfy the strong dichotomy

Theorem

1 Assume that ξ≥3. Then there is no countable ∆0
ξ-measurable

coloring of Kξ

2 there is no continuous homomorphism from J3 into K3
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The third digraphs

• Assume that ξ≥3 is the successor of a successor ordinal

• Let x ∈ 2Lξ

• Recall that nx :=sup{n∈ω | ∀m<n Lx(⟨m⟩)=0}

• We will introduce, for m≤nx finite, cx(m)∈ω

• Recall that, for m<nx , kx(m) :=min{k∈ω | Lx(⟨m, k⟩)=1}

• Recall that (αk) is a dense list of elements of 2ω

• Let

Zξ :={(x , α)∈2Lξ×2ω | ∀m<nx α|(cx(m)+1)⊂αkx (m)}⊆Xξ
• Let Lξ :=

{(
(x , s0γ), (x , s1γ)

)
∈Z2

ξ | nx<ω ∧ |s|=cx(nx)
}

Dominique Lecomte (collaboration with N. Greenberg, D. Turetsky and M. Zelený)Forcing and colorings in a given Baire class
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• We will introduce, for m≤nx finite, cx(m)∈ω

• Recall that, for m<nx , kx(m) :=min{k∈ω | Lx(⟨m, k⟩)=1}

• Recall that (αk) is a dense list of elements of 2ω

• Let

Zξ :={(x , α)∈2Lξ×2ω | ∀m<nx α|(cx(m)+1)⊂αkx (m)}⊆Xξ
• Let Lξ :=

{(
(x , s0γ), (x , s1γ)

)
∈Z2

ξ | nx<ω ∧ |s|=cx(nx)
}
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K3 does not satisfy the strong dichotomy, L3 does

Theorem

1 Assume that ξ≥3 is the successor of a successor ordinal.

Then there is no countable ∆0
ξ-measurable coloring of Lξ

2 there is no continuous homomorphism from K3 into L3

3 Let X be a recursively presented Polish space, and R be a Σ 1
1

relation on X . Exactly one of the following holds:

there is a countable ∆0
3-measurable coloring of R

there is a continuous homomorphism from L3 into R
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The representation theorem

The representation theorem of Borel sets provides a good
subsequence of any α∈2ω,

viewed as the sequence h(α) :=(α|l)l∈ω
of all its initial segments

Definition (Debs-Saint Raymond)

• A partial order relation R on 2<ω is a tree relation if, for
s∈2<ω,

1 ⟨⟩ R s

2 the set PR(s) :={t∈2<ω | t R s} is finite and linearly ordered
by R

• hR(s) :=Card
(
PR(s)

)
−1

• Let R be a tree relation. A R-branch is a ⊆-maximal subset of
2<ω linearly ordered by R

• [R] is the set of all infinite R-branches
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The representation theorem (continued)

Definition (Debs-Saint Raymond)

• (2<ω)ω: product of the discrete topology on 2<ω

• Let R be a tree relation. [R]⊆(2<ω)ω: induced topology, Polish.

• Basic clopen sets: NR
s :=

{
γ∈ [R] | γ

(
hR(s)

)
=s

}
, s∈2<ω

• Let R, S be tree relations with R⊆S. The canonical map
Π:[R]→ [S ] is defined by

Π(γ) := the unique S-branch containing γ

It is continuous

• Let S be a tree relation. We say that R⊆S is distinguished in
S if

∀s, t, u∈2<ω
s S t S u

s R u

 ⇒ s R t
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The representation theorem (continued)

Definition (Debs-Saint Raymond)

• Let η<ℵ1.

A family (Rρ)ρ≤η of tree relations is a resolution
family if

1 Rρ+1 is a distinguished subtree of Rρ, for each ρ<η

2 Rλ=
⋂
ρ<λ Rρ, for each limit ordinal λ≤η

Theorem (Debs-Saint Raymond)

Let η<ℵ1, and P∈Π0
η+1([⊆]). Then there is a resolution family

(Rρ)ρ≤η such that

1 R0=⊆
2 the canonical map Π:[Rη]→ [R0] is a continuous bijection

with Σ0
η+1-measurable inverse

3 the set Π−1(P) is a closed subset of [Rη]
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Strongly represented Π0
η+2 sets

Definition

Let η<ℵ1,

and P∈Π0
η+2([⊆]). We say that P is

(a) represented if we can find a resolution family (Rρ)ρ≤η+1

satisfying the conditions 1-3 of the representation theorem. This
allows to define D :={s∈2<ω | NRη+1

s ∩ Π−1(P) ̸=∅} ∪ {⟨⟩} and,
for ⟨⟩ ̸=s∈2<ω and ρ ≤η, s−ρ :=s|max{l< |s| | s|l Rρ s}
(b) strongly represented if we can find a resolution family
(Rρ)ρ≤η+1 satisfying the conditions 1-3 of the representation
theorem and moreover the condition

(s ̸=⟨⟩ ∧ s−0 ̸=s−η) ⇒ s /∈D ∧
∀s−η⊂u, v⊂s ∃t∈D s−η⊂ t Rη u, v ∧ s−η Rη t
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Strongly represented Π0
η+2 sets

Definition

Let η<ℵ1, and P∈Π0
η+2([⊆]). We say that P is

(a) represented if we can find a resolution family (Rρ)ρ≤η+1

satisfying the conditions 1-3 of the representation theorem. This
allows to define D :={s∈2<ω | NRη+1

s ∩ Π−1(P) ̸=∅} ∪ {⟨⟩} and,

for ⟨⟩ ̸=s∈2<ω and ρ ≤η, s−ρ :=s|max{l< |s| | s|l Rρ s}
(b) strongly represented if we can find a resolution family
(Rρ)ρ≤η+1 satisfying the conditions 1-3 of the representation
theorem and moreover the condition

(s ̸=⟨⟩ ∧ s−0 ̸=s−η) ⇒ s /∈D ∧
∀s−η⊂u, v⊂s ∃t∈D s−η⊂ t Rη u, v ∧ s−η Rη t

Dominique Lecomte (collaboration with N. Greenberg, D. Turetsky and M. Zelený)Forcing and colorings in a given Baire class
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The fourth digraphs

• Let Q3∈Π0
3(2

ω),

so that P :=h[Q3]∈Π0
3([⊆])

• Assume that P is strongly represented with witness (Rρ)ρ≤2,
which gives D, and canonical maps Π: [R2]→ [R0] and
Π1 : [R

1]→ [R0]

• Write, for s, t∈2<ω and α∈2ω, s⊂1α⇔ Π−1
1

(
h(α)

)
∈NR1

s .
Similarly, s⊂1 t ⇔ s R1 t ∧ s ̸= t

• Let µ :D→2<ω be a map

• These objects allow us to define

X3 :={(x , α)∈2ω×2ω | ∀m, n∈ω
(x |m⊂1 x |n⊂1 x ∧ x |m, x |n∈D) ⇒ α|(m+1)⊆µ(x |n)}

• If x /∈Q3, then there is Nx maximal with Π−1
1

(
h(x)

)
(Nx)∈D.

We set cx :=
∣∣Π−1

1

(
h(x)

)
(Nx)

∣∣
• We set G3 :=

{(
(x , s0γ), (x , s1γ)

)
∈X2

3 | x /∈Q3 ∧ |s|=cx
}
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The fourth digraphs

• Let Q3∈Π0
3(2
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3([⊆])
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s .
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The “one holds” part of the theorem for 3-colorings

Theorem

• X3 is a zero-dimensional Polish space,

and G3 is a Σ0
3 relation on

X3. If moreover X is a Polish space and R is an analytic relation
on X , then one of the following holds:

1 there is a countable ∆0
3-measurable coloring of R,

2 there is a continuous homomorphism from G3 into R.

• Moreover, we can find Q3, a strong representation of h[Q3], and
µ :D→2<ω for which this is a true dichotomy.

Theorem

Let P be a Π0
3 subset of [⊆].Then P is strongly represented.
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The “one holds” part of the theorem for 3-colorings

Theorem

• X3 is a zero-dimensional Polish space, and G3 is a Σ0
3 relation on

X3. If moreover X is a Polish space and R is an analytic relation
on X , then one of the following holds:

1 there is a countable ∆0
3-measurable coloring of R,

2 there is a continuous homomorphism from G3 into R.

• Moreover, we can find Q3, a strong representation of h[Q3],

and
µ :D→2<ω for which this is a true dichotomy.

Theorem

Let P be a Π0
3 subset of [⊆].Then P is strongly represented.

Dominique Lecomte (collaboration with N. Greenberg, D. Turetsky and M. Zelený)Forcing and colorings in a given Baire class
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Ordering nodes of the same rank and finite functions

• Assume that 1≤ξ<ωCK
1

• Let η<ξ

• We (uniformly) fix a recursive ω-ordering <∗
η on the set of nodes

of Tξ of rank η, in such a way that, if s⌢m and s⌢n have rank η
and m<n, then s⌢m<∗

η s
⌢n

• Let bη∈ω be the least upper bound of η in ξ

• Let

2<Lξ :={φ :Lξ⇀2 | Domain(φ) is finite ∧
s<∗

0 t∈Domain(φ) ⇒ s∈Domain(φ)}

• Let φ∈2<Lξ
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Ordering nodes of the same rank and finite functions

• Assume that 1≤ξ<ωCK
1

• Let η<ξ

• We (uniformly) fix a recursive ω-ordering <∗
η on the set of nodes

of Tξ of rank η, in such a way that, if s⌢m and s⌢n have rank η
and m<n, then s⌢m<∗

η s
⌢n

• Let bη∈ω be the least upper bound of η in ξ

• Let

2<Lξ :={φ :Lξ⇀2 | Domain(φ) is finite ∧
s<∗

0 t∈Domain(φ) ⇒ s∈Domain(φ)}

• Let φ∈2<Lξ

Dominique Lecomte (collaboration with N. Greenberg, D. Turetsky and M. Zelený)Forcing and colorings in a given Baire class
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Ordering nodes of the same rank and finite functions

• Assume that 1≤ξ<ωCK
1

• Let η<ξ

• We (uniformly) fix a recursive ω-ordering <∗
η on the set of nodes

of Tξ of rank η, in such a way that, if s⌢m and s⌢n have rank η
and m<n, then s⌢m<∗

η s
⌢n

• Let bη∈ω be the least upper bound of η in ξ

• Let

2<Lξ :={φ :Lξ⇀2 | Domain(φ) is finite ∧
s<∗

0 t∈Domain(φ) ⇒ s∈Domain(φ)}

• Let φ∈2<Lξ

Dominique Lecomte (collaboration with N. Greenberg, D. Turetsky and M. Zelený)Forcing and colorings in a given Baire class
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Finite labellings of the recursive trees

• We, inductively on |φ|, define a finite partial labelling Lφ :Tξ⇀2

approximating Lx when x ∈2Lξ extends φ, as follows:

1 If φ=⟨⟩, then Lφ is empty
2 If φ ̸=⟨⟩, then we (partially) define Lφ(s) by induction on the

rank of s. If s has rank 0, then Lφ(s) :=φ(s), which defines
the restriction Lφη of Lφ to nodes of rank <η≤ξ when η=1

3 If η<ξ and there are at most bη-many ψ⊂φ such that

Lψη ⊆Lφη , then Lφ(s) is undefined for all s of rank η

4 Otherwise, let ψ be the longest ψ⊂φ such that Lψη ⊆Lφη , and
t be ⟨⟩ if η=ξ, and t be the <∗

η-least node such that either

Lψ(t) is undefined or
Lψ(t)=1, and there is n with Lφ(t⌢n)=1

if η<ξ. If s has rank η, then
Lφ(s) :=Lψ(s) if s<∗

η t
Lφ(s) is undefined if s>∗

η t
Lφ(t) :=1, unless there is n with Lφ(t⌢n)=1, in which case
Lφ(t) :=0
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Finite labellings of the recursive trees

• We, inductively on |φ|, define a finite partial labelling Lφ :Tξ⇀2
approximating Lx when x ∈2Lξ extends φ, as follows:

1 If φ=⟨⟩, then Lφ is empty

2 If φ ̸=⟨⟩, then we (partially) define Lφ(s) by induction on the
rank of s. If s has rank 0, then Lφ(s) :=φ(s), which defines
the restriction Lφη of Lφ to nodes of rank <η≤ξ when η=1

3 If η<ξ and there are at most bη-many ψ⊂φ such that

Lψη ⊆Lφη , then Lφ(s) is undefined for all s of rank η

4 Otherwise, let ψ be the longest ψ⊂φ such that Lψη ⊆Lφη , and
t be ⟨⟩ if η=ξ, and t be the <∗

η-least node such that either

Lψ(t) is undefined or
Lψ(t)=1, and there is n with Lφ(t⌢n)=1

if η<ξ. If s has rank η, then
Lφ(s) :=Lψ(s) if s<∗

η t
Lφ(s) is undefined if s>∗

η t
Lφ(t) :=1, unless there is n with Lφ(t⌢n)=1, in which case
Lφ(t) :=0

Dominique Lecomte (collaboration with N. Greenberg, D. Turetsky and M. Zelený)Forcing and colorings in a given Baire class
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Finite labellings of the recursive trees

• We, inductively on |φ|, define a finite partial labelling Lφ :Tξ⇀2
approximating Lx when x ∈2Lξ extends φ, as follows:

1 If φ=⟨⟩, then Lφ is empty
2 If φ ̸=⟨⟩, then we (partially) define Lφ(s) by induction on the

rank of s. If s has rank 0, then Lφ(s) :=φ(s), which defines
the restriction Lφη of Lφ to nodes of rank <η≤ξ when η=1

3 If η<ξ and there are at most bη-many ψ⊂φ such that

Lψη ⊆Lφη , then Lφ(s) is undefined for all s of rank η

4 Otherwise, let ψ be the longest ψ⊂φ such that Lψη ⊆Lφη ,

and
t be ⟨⟩ if η=ξ, and t be the <∗

η-least node such that either

Lψ(t) is undefined or
Lψ(t)=1, and there is n with Lφ(t⌢n)=1

if η<ξ. If s has rank η, then
Lφ(s) :=Lψ(s) if s<∗

η t
Lφ(s) is undefined if s>∗

η t
Lφ(t) :=1, unless there is n with Lφ(t⌢n)=1, in which case
Lφ(t) :=0

Dominique Lecomte (collaboration with N. Greenberg, D. Turetsky and M. Zelený)Forcing and colorings in a given Baire class
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True stages

• Assume that 1≤ξ<ωCK
1

• Let 1≤η≤ξ+1

• Let, for x ∈2Lξ , Lxη be the restriction of Lx to nodes of rank <η

• We write, for ψ,φ∈2≤Lξ , ψ⪯ηφ when Lψη ⊆Lφη
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A new unique changed coordinate

• Assume that 3≤ξ<ωCK
1 is the successor of a successor ordinal,

so that ξ∗ :=ξ−2 is defined

• Let φ∈2<Lξ . We define, by induction on |φ|, nφ∈ω and, for
m<nφ, kφ(m)∈ω. First, n⟨⟩ :=0. Assume that φ ̸=⟨⟩, and that ψ
is the longest such that ψ≺ξ∗ φ

Let

nφ :=

{
min{m<nψ | ∃a∈ω Lφ(⟨m, kψ(m), a⟩)=1} if it exists
nψ+1 otherwise

Let kφ(m) :=min{k∈ω | ∀a∈ω Lφ(⟨m, k , a⟩) ̸=1}

• Let ψ,φ∈2≤Lξ . We write

ψ ⊑m φ⇔ ψ⪯ξ∗ φ ∧m≤min(nψ, nφ) ∧ ∀l<m kψ(l)=kφ(l)

• We set, for φ∈2≤Lξ and m≤nφ finite,

cφ(m) :=min{|ψ| | ψ ⊑m φ}
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m<nφ, kφ(m)∈ω.

First, n⟨⟩ :=0. Assume that φ ̸=⟨⟩, and that ψ
is the longest such that ψ≺ξ∗ φ

Let

nφ :=

{
min{m<nψ | ∃a∈ω Lφ(⟨m, kψ(m), a⟩)=1} if it exists
nψ+1 otherwise

Let kφ(m) :=min{k∈ω | ∀a∈ω Lφ(⟨m, k , a⟩) ̸=1}

• Let ψ,φ∈2≤Lξ . We write

ψ ⊑m φ⇔ ψ⪯ξ∗ φ ∧m≤min(nψ, nφ) ∧ ∀l<m kψ(l)=kφ(l)

• We set, for φ∈2≤Lξ and m≤nφ finite,

cφ(m) :=min{|ψ| | ψ ⊑m φ}
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A new unique changed coordinate

• Assume that 3≤ξ<ωCK
1 is the successor of a successor ordinal,

so that ξ∗ :=ξ−2 is defined

• Let φ∈2<Lξ . We define, by induction on |φ|, nφ∈ω and, for
m<nφ, kφ(m)∈ω. First, n⟨⟩ :=0. Assume that φ ̸=⟨⟩, and that ψ
is the longest such that ψ≺ξ∗ φ

Let

nφ :=

{
min{m<nψ | ∃a∈ω Lφ(⟨m, kψ(m), a⟩)=1} if it exists
nψ+1 otherwise

Let kφ(m) :=min{k∈ω | ∀a∈ω Lφ(⟨m, k , a⟩) ̸=1}

• Let ψ,φ∈2≤Lξ . We write

ψ ⊑m φ⇔ ψ⪯ξ∗ φ ∧m≤min(nψ, nφ) ∧ ∀l<m kψ(l)=kφ(l)

• We set, for φ∈2≤Lξ and m≤nφ finite,

cφ(m) :=min{|ψ| | ψ ⊑m φ}

Dominique Lecomte (collaboration with N. Greenberg, D. Turetsky and M. Zelený)Forcing and colorings in a given Baire class
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