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This work is joint with Iian Smythe.

Each of us has spoken on aspects of it over the past year, and
what was perhaps the most summary single one of those talks
is easily found online.

This talk will, inevitably, overlap a little bit with that one.
Within it, though, I’ll also at least try to reach a part of our
paper that neither of us has presented in any depth; these are its
last sections, on the classification, up to isometry, of hyperbolic
n-manifolds with finitely generated fundamental group.
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background

A fundamental context for this work is my longstanding envy of
descriptive set theorists, and
manifold theorists.

I’m thinking, more particularly, of my first postgraduate years,
when no set theorist would have mistaken me for a descriptive
set theorist, but manifold theorists occasionally did — a
misconception I’m aware, in retrospect, of having enjoyed and
even encouraged. I might even in the process have (eagerly)
given set theorists the impression that I knew something about
manifolds, when nothing could have been further from the
truth. One unflattering word for this kind of behavior is fraud;
here, though, it involved two sincere and positive impulses:

it furnished a pretext for learning things that I did
genuinely wish and like to learn, and in the process
it gave me things to keep in touch with my friend and
mathematical brother, the actual descriptive set theorist
Iian Smythe, about.
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These results appeared to fit so naturally into the Borel
reducibility framework that we struggled to understand why
they hadn’t yet been recorded in those terms.

For a time our best guess at the reason was that people’d found
these translations simply too obvious to be worth writing down.

But there were larger questions that this left unexplained,
like the overarching one:

For all these two fields’ common interests in

classification problems,

why was there essentially only one work at their interface?

We’d admired this work since graduate school together;
arguably our main mathematical ambition in these
conversations was simply to relate to it, to extend it,
in some nontrivial way.
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This being a descriptive set theoretically informed audience, we
may summarize its main results without delay as follows:

Theorem (Hjorth–Kechris, 2000)

1 The classification of Riemann surfaces up to

biholomorphism is Borel equivalent to the degree EŒ.

2 For any n Ø 2, the biholomorphism relation on complex

n-manifolds does not admit classification by countable

structures.
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For these results to stand alone in the way that they did seemed
to us very strange; to quote our paper, given

not only invariant descriptive set theory’s programmatic

interest in classification problems throughout mathe-

matics (particularly in manifold-adjacent fields like dy-

namics [FRW11, FW22] and geometric group theory

[Tho08, PS21, CC24]), but Hjorth’s framing, in one

of the field’s foundational texts, of the classification of

compact surfaces as among the most exemplary of solu-

tions to such problems, and we have the makings of a

positive mystery.
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example V

If you impersonate a logician among manifold theorists for long
enough, someone will cite to you the following theorem:

Theorem (Markov, 1958)

There exists an e�ective map M from the class of finite

presentations P of groups G(P ) to that of compact 4-manifolds

such that:

1 fi1(M(P )) = G(P ) for all P , and

2 M(P ) ≥= M(Q) if and only if G(P ) ≥= G(Q).

This M reduces the recursively unsolvable group isomorphism

problem to the problem of classifying compact 4-manifolds up to

homeomorphism, and carries the folklore corollary that the
latter is “impossible”, but this inference should, obviously, be
handled with care. . .
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this is a motley family of examples

Continuing with that last slide, the degrees of di�culty

appearing in these examples aren’t all of the same sort.
The following helps to clarify their relation:

Theorem A (B., Smythe)

For every n > 0, both the classification

of compact topological n-manifolds up to homeomorphism, &

of compact smooth n-manifolds up to di�eomorphism

are Borel equivalent to the relation =N.

In particular, from an invariant descriptive set-theoretic
perspective, the classification of compact 4-manifolds up to
homeomorphism amounts to the simplest of all infinite
classification problems. This is, of course, compatible with a
view, deriving from Markov’s theorem, of the classification of
compact 4-manifolds as hard, but only alongside a view of
classification problems generally accredited as solved (e.g.,
examples I and II) as being even harder.
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this is a motley family of examples

The sorts of manifolds appearing in these examples vary even
more.

And any better than a naive comparison of their associated
classification problems’ complexities calls for parameter spaces

for each of these sorts of manifolds.

Readymade and well-known ones do, for many classes, exist.
More generally, though, one’s faced with repeated assignments
of exercises like the following:

Exercise

Fix n > 1 and parametrize the class of topological n-manifolds

in a standard Borel way.
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Consider again, relatedly, our own work’s principal inspiration,
example IV

: roughly 9 of its 34 pages are taken up with what
its authors term the technically cumbersome, although

mathematically rather shallow

business of parametrizing its objects of study. This I highlight
for what it suggests of at least one of the culprits behind the
“mystery” framing our work: it seems in large part to have been
been a deficiency of compelling parametrizations of manifolds
that has hindered their descriptive set-theoretic study thus far.
For what’s ultimately wanted is an approach to parametrization
which is su�ciently versatile to accommodate the multiplicity of

manifold structures arising in practice, but su�ciently precise

not to confuse them; a transparency facilitating such analyses as
underlie the theorems we’re after, of course, a value as well.
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For what’s ultimately wanted is an approach to parametrization
which is su�ciently versatile to accommodate the multiplicity of

manifold structures arising in practice, but su�ciently precise

not to confuse them; a transparency facilitating such analyses as
underlie the theorems we’re after, of course, a value as well.
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Perhaps this paper’s most fundamental contribution is a
parametrization framework which does meet these criteria.

We
introduce the notion of a Borel pseudogroup and prove the
following.

Theorem B

Any Borel pseudogroup G on a locally compact Polish space X

induces a standard Borel parameter space M(G, X) of all

(G, X)-manifolds, on which the relation of (G, X)-equivalence is

an analytic equivalence relation.

Prominent examples of Borel pseudogroups include Top and C
Œ

on R
n, and Isom on H

n, determining standard Borel parameter
spaces of all topological, smooth, and hyperbolic n-manifolds,
respectively. Let’s define our terms.
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pseudogroups

Definition

A pseudogroup G on a topological space X is a set of
homeomorphisms between open subsets of X satisfying the
following conditions:

1 the domains of the elements of G cover X,
2 the restriction of any element of G to an open subset of X

is also in G,
3 the composition of any two elements of G is in G,
4 the inverse of any element of G is in G, and
5 if Ï : U æ V is a homeomorphism between open subsets U

and V of X, and U is covered by a collection of open sets
U– with the property that the restriction Ï|U– is in G for
every –, then Ï is in G.
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pseudogroups

The pseudogroups on any topological space X are naturally
ordered by inclusion.

This ordering possesses both a maximum and a minimum
element — namely, the collection of all homeomorphisms

between pairs of open subsets of X and the collection of all

identity maps on open subsets of X, respectively.
Any collection of homeomorphisms between open subsets of X

falls in some unique minimal pseudogroup, which it may thus
be said to generate.
In particular, any group G of homeomorphisms of X may then
be said to generate a pseudogroup, which we denote by a
sans-serif G; these form a prominent class of examples.
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Definition

Let X denote R
n, Cn, the n-dimensional unit sphere S

n, or
hyperbolic space H

n = {(x1, . . . , xn) œ R
n : xn > 0}, with the

latter two endowed with their standard spherical and hyperbolic
metrics, respectively.

1 Top is the topological pseudogroup on X, the collection of
all homeomorphisms between open subsets of X. This is
the maximal pseudogroup on X referred to above.

2 C
k (1 Æ k Æ Œ) is the pseudogroup of all

Ck-di�eomorphisms between pairs of open subsets of X.
3 In the case of X = C

n, Hol is the pseudogroup of all
biholomorphic maps between open subsets of Cn.

4 Isom is the pseudogroup generated by the group of
isometries of X, and Isom

+ is that generated by the
orientation-preserving isometries of X.

As in the above examples, we will often omit mention of the
model space X when it is clear from context.



The standard definition of a topological n-manifold may now be
phrased as: a second countable Hausdor� space possessing an

atlas of charts whose transition maps all lie in the topological

pseudogroup on R
n.

To define other sorts of manifolds, we
simply vary the pseudogroup appearing therein.
Definition

Let M and X be topological spaces and G a pseudogroup on X.
1 A (G, X)-atlas on M is a collection of pairs (U, Ï), called

charts, where U is an open subset of M and Ï : U æ X is a
homeomorphism onto its image, such that the sets U cover
M , and whenever (U, Ï) and (V, Â) are charts with
U fl V ”= ?, the transition map

Â ¶ Ï≠1
|Ï[UflV ] : „[U fl V ] æ Â[U fl V ]

is in G.
2 M is a locally (G, X)-space if it is endowed with a

(G, X)-atlas; if M is, in addition, Hausdor� and second
countable, it is a (G, X)-manifold.
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Example

The topological, smooth, and complex n-manifolds are precisely
the (Top,Rn), (CŒ,Rn), and (Hol,Cn)-manifolds, respectively.

The Euclidean, spherical, and hyperbolic n-manifolds are
precisely the (Isom,Rn), (Isom,Sn), and (Isom,Hn)-manifolds,
respectively.
Manifolds with boundary fit into this framework by letting
R

n
+ = {(x1, . . . , xn) œ R

n
| xn Ø 0}; the topological and

smooth n-manifolds with boundary are then precisely the
(Top,Rn

+)-manifolds and (CŒ,Rn
+)-manifolds, respectively.



Example

The topological, smooth, and complex n-manifolds are precisely
the (Top,Rn), (CŒ,Rn), and (Hol,Cn)-manifolds, respectively.
The Euclidean, spherical, and hyperbolic n-manifolds are
precisely the (Isom,Rn), (Isom,Sn), and (Isom,Hn)-manifolds,
respectively.

Manifolds with boundary fit into this framework by letting
R

n
+ = {(x1, . . . , xn) œ R

n
| xn Ø 0}; the topological and

smooth n-manifolds with boundary are then precisely the
(Top,Rn

+)-manifolds and (CŒ,Rn
+)-manifolds, respectively.



Example

The topological, smooth, and complex n-manifolds are precisely
the (Top,Rn), (CŒ,Rn), and (Hol,Cn)-manifolds, respectively.
The Euclidean, spherical, and hyperbolic n-manifolds are
precisely the (Isom,Rn), (Isom,Sn), and (Isom,Hn)-manifolds,
respectively.
Manifolds with boundary fit into this framework by letting
R

n
+ = {(x1, . . . , xn) œ R

n
| xn Ø 0}; the topological and

smooth n-manifolds with boundary are then precisely the
(Top,Rn

+)-manifolds and (CŒ,Rn
+)-manifolds, respectively.



Definition

Let G be a pseudogroup on a locally compact Polish space X.
The parameter space P(G, X) of second countable locally

(G, X)-spaces consists of all pairs (U , c) where
U = ÈUi,j | (i, j) œ N

2
Í, a family of open subsets of X, and

c = ÈÏi,j : Ui,j æ Uj,i | (i, j) œ N
2
Í ™ G

satisfy
1 Ui,j ™ Ui := Ui,i for all (i, j) œ N

2,
together with conditions ensuring that the associated ≥ is an
equivalence relation:

2 Ïi,i = idUi : Ui æ Ui for all i œ N,
3 Ïi,j = Ï≠1

j,i for all (i, j) œ N
2, and

4 Ï≠1
i,j [Uj,i fl Uj,k] ™ Ui,k and

Ïj,k ¶ Ïi,j
--
Ï≠1

i,j [Uj,i fl Uj,k] = Ïi,k
--
Ï≠1

i,j [Uj,i fl Uj,k] for all i, j, k œ N.

Within this framework, it will be useful to term any Ui a chart,
any Ui,j an overlap, and any Ïi,j a transition function.



topological and Borel structure

The Fell (or Chabauty, or geometric) topology on the collection
F(X) of closed sets of a locally compact Polish space X is
generated by open sets of the form {F œ F(X) : F fl K = ?}

and {F œ F(X) : F fl U ”= ?}, where K and U range over the
compact and open subsets of X, respectively.
When endowed with this topology, F(X) is compact Polish.
We topologize the set O(X) of open subsets of X by declaring
complementation to be a homeomorphism F(X) æ O(X).
Being Polish, the Fell topology induces a standard Borel
structure on both O(X) and F(X) (coinciding with the E�ros

Borel structure on F(X)).
For our purposes, the key point is that the basic operations on
O(X) ((U, V ) ‘æ U fl V , etc.) are all Borel-measurable.
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Borel pseudogroups

Definition

A pseudogroup G on X is Borel if it is endowed with a standard
Borel structure such that each of the following maps are Borel
on the relevant spaces:

1 domain projection G æ O(X) : Ï ‘æ dom(Ï),
2 range projection G æ O(X) : Ï ‘æ ran(Ï),
3 domain inclusion O(X) æ G : U ‘æ idU , the identity map

on U ,
4 direct image O(X) ◊ G æ O(X) : (U, Ï) ‘æ Ï[U ],
5 inverse image O(X) ◊ G æ O(X) : (U, Ï) ‘æ Ï≠1[U ],
6 restriction O(X) ◊ G æ G : (U, Ï) ‘æ Ï|U ,
7 composition G ◊ G æ G : (Ï, Â) ‘æ Â ¶ Ï, and
8 inversion G æ G : Ï ‘æ Ï≠1.



the basic theorem

Theorem

If G is a pseudogroup on a locally compact Polish space X then

P(G, X) inherits from O(X)N◊N
◊ G

N◊N
a standard Borel

structure.

The parameter space M(G, X) of (G, X)-manifolds is the set of

pairs (U , c) in P(G, X) such that M(U ,c) is a (G, X)-manifold,

or, equivalently, is Hausdor�; this defines a Borel subset of

P(G, X).

The natural notion of (G, X)-equivalence on M(G, X) is

analytic.

The pseudogroups Top and C
Œ

on R
n
, and Isom on H

n
are all

Borel.
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Theorem A

Moreover, the obvious restrictions of attention — to compact, or
connected, or (in metric settings) complete manifolds — each
define Borel subspaces of M(G, X).
From this and the fact [CK70] that there are, for any n Ø 0,
only countably many compact n-manifolds, Theorem A is
immediate, as is a little more.

Corollary

Any assignment of invariants (Euler characteristic, homotopy

groups, etc.) to compact topological manifolds is a Borel

operation.

This also tells us that the locus of more substantial complexity
must be noncompact manifolds, or, more individually, their
noncompact parts, their ends. This brings us back to examples
I and II.
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Theorem C

The classification of surfaces (i.e., connected topological

2-manifolds) up to homeomorphism is complete for countable

structures, as is the classification of connected smooth

2-manifolds up to di�eomorphism.

Put di�erently, each is complete for orbit equivalence relations

induced by Borel actions of the infinite permutation group SŒ.

As noted, for anyone familiar with the Kerékjártó–Richards
theorem, this computation’s less than surprising. Already in
2011, Clinton Conley had noted (on MathOverflow) the
connection to Carmelo and Gao’s result [CG01] that the
homeomorphism relation ≥= on the space K({0, 1}

N) of closed
subsets of the Cantor space {0, 1}

N is complete for countable
structures. More recently (2024), Hoganson and Zomback
proved a version of Theorem C for surfaces endowed with pants
decompositions:
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D and E

Our problem is that we don’t a priori have such
decompositions; what we need, more precisely, is some Borel
way of assigning them to the elements of M(Top,R2). For this
we needed Theorems D and E:

Theorem D

There is a Borel measurable function which takes any embedding

“ of S1
into R

2
to a self-homeomorphism of R

2
which extends “.

Theorem E

There is a Borel measurable function which takes any surface S
to a simplicial complex whose geometric realization is

homeomorphic to S.

And it was at this point clearer why no one before had recorded
the Theorem C which we’d for a moment suspected of being
essentially routine: it hadn’t at all turned out that way for us.
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more in these directions

Recently, Martina Iannella and Vadim Weinstein announced the
3-dimensional version of Theorem C.

Theorem

The classification of connected topological 3-manifolds up to

homeomorphism is complete for countable structures, as is the

classification of connected smooth 3-manifolds up to

di�eomorphism.

Put di�erently, each is complete for orbit equivalence relations

induced by Borel actions of the infinite permutation group SŒ.

In 4 dimensions, Robert Gompf and Aristotelis Panagiotopoulos
report a number of results, mainly in the smooth category.

Nevertheless, almost any of the questions now arising to your
mind are, to the best of my knowledge, open.

There’s much to be done.
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here I want to draw out a few points:

First: Complete hyperbolic 2-manifolds M are quotients of H2

by discrete images of fi1(M) in Isom(H2) — i.e., we have a
correspondence:
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Theorem (B., Smythe)

This is a Borel equivalence for all n.

Moreover:

Theorem F

The conjugacy relation on discrete subgroups of any noncompact

semisimple Lie group G is Borel equivalent to EŒ. In

particular, this holds for G = Isom(Hn), and thus for the

isometry relation on complete hyperbolic n-manifolds as well.
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(as background)

Lemma

Let G be a locally compact Polish group.

The closed subgroups of G form a closed subset S(G) of

F(G).
The set D(G) of discrete subgroups of G is open in S(G).
The set Stf(G) of torsion-free subgroups of G is closed in

S(G).
In particular, D(G), Stf(G), and Dtf(G) = D(G) fl Stf(G) each

inherit a Polish subspace topology from F(G), and G acts

continuously on each by conjugation.

We write E(G, D(G)) for the induced equivalence relation.
Note also for future reference that, for G as above, the space
Dfg(G) of finitely generated discrete subgroups of G is a Borel
subset of D(G).
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(as background)

Let F2 denote the free group on two generators.
In [SZ94], Stuck and Zimmer showed that E(F2, D(F2)) is
not concretely classifiable, then extended this result to any
noncompact semisimple Lie group G.
Thomas and Velickovic [TV99] strengthened the F2 result
by proving that E(F2, D(F2)) is, in fact, Borel bireducible
with EŒ.
In [ACH01], Andretta, Camerlo, and Hjorth showed that
E(G, D(G)) is Borel bireducible with EŒ, for any
countable group G containing F2.

Theorem F, above, both draws on these results and rounds out
the picture; its more concise phrasing is:

For any noncompact semisimple Lie group G, the relation

E(G, D(G)) is Borel bireducible with EŒ.
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One upshot of this result is that

Question

Given a noncompact semisimple Lie group G, what is the Borel

complexity of E(G, Dfg(G))?

is now an interesting one.

In particular:

Question

Fix n Ø 2. What is the Borel complexity of the isometry

relation on the space of connected complete hyperbolic

n-manifolds with finitely generated fundamental group?

That last part’s a mouthful. We’ll call such manifolds
algebraically finite; they satisfy the most general of the
finiteness conditions we might impose.
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finiteness conditions

Definition

Fix n Ø 2 and let M = H
n/� be the quotient hyperbolic

manifold associated to a torsion-free discrete subgroup � of
Isom(Hn).

1 M is closed, and � is cocompact, if M is compact and
without boundary.

2 M is of finite volume, and � is a lattice, if vol(M) < Œ.
3 M and � are geometrically finite if � is finitely generated

and the convex core of M is of finite volume.
4 M is topologically finite or tame if M is homeomorphic to

the interior of a compact manifold, possibly with boundary.
5 M is algebraically finite if � is finitely generated.

These conditions are of (weakly) decreasing stringency: for each
n, the classes of n-manifolds associated to these conditions are
nondecreasing in size. For dimensions n = 2 and 3, we compute
the complexity of the isometry relation on each of them.
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the interior of a compact manifold, possibly with boundary.
5 M is algebraically finite if � is finitely generated.

These conditions are of (weakly) decreasing stringency: for each
n, the classes of n-manifolds associated to these conditions are
nondecreasing in size. For dimensions n = 2 and 3, we compute
the complexity of the isometry relation on each of them.
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two hyperbolic dimensions

Recall that discrete subgroups of PSL(2,R) are called Fuchsian

groups, while discrete subgroups of PSL(2,C) are called
Kleinian groups.

Theorem G

The orientation-preserving isometry problem for any of the

classes (1) through (5) of complete orientable hyperbolic

2-manifolds listed above is Borel bireducible with =R. In

particular, the classification of

1 finitely generated torsion-free Fuchsian groups up to

conjugacy, or, equivalently, of

2 algebraically finite complete orientable hyperbolic

2-manifolds up to orientation-preserving isometry

is Borel bireducible with =R.
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three hyperbolic dimensions

Theorem H

The Borel complexity degrees of the conjugacy relation on the

major finiteness classes of torsion-free Kleinian groups are as

follows:

for lattices, it is =N;

for geometrically finite groups, it is =R;

for finitely generated groups, it is not concretely classifiable.

Corresponding results hold for the isometry relation on the

corresponding classes of hyperbolic 3-manifolds.



Theorem G

One path to Theorem K is through the Teichmüller and moduli
spaces of the relevant surfaces.

Formally:

Definition

Let S be a finite-type hyperbolizable surface. We have then the
Teichmüller space

Teich(S) = {finite-volume hyperbolic metrics on S}/Di�0(S),

mapping class group

MCG(S) = Di�+(S)/Di�0(S),

and moduli space

M(S) = Teich(S)/MCG(S)

of S.
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Theorem G

Informally:

Summing up, the moduli space M(S) parametrizes
finite-volume hyperbolic surfaces homeomorphic to S up to
isometry. If S is given by n punctures of a closed genus-g
surface then M(S) is a Polish space of dimension 6g + 2n ≠ 6.
By letting S range, we then reduce isometry on finite-volume
hyperbolic surfaces to equality on a countable sum of Polish
spaces, and a trick allows us to weakly reduce the algebraically
finite case to this one.
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Theorem H

What’s fascinating about the passage from 2 to 3 dimensions is
how this template both persists and breaks down. In the latter,
the central result was that of our example II:

Ending Lamination Theorem (Min10, BCM12)

A hyperbolic 3-manifold with finitely generated fundamental

group is uniquely determined by its topological type and its end

invariants.

As it happens, these invariants naturally array into a Polish
space, which is promising. Upon closer inspection, however, the
theorem classifies marked hyperbolic manifolds, and passage
from these to our unmarked domain of concern is via a quotient
by a group action not, in general, so nice as that of MCG(S) on
Teich(S).
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Theorem I

The heart of Theorem H is the following, which runs counter to
colloquial readings of the Ending Lamination Theorem:

Theorem I

Let S be a closed hyperbolic surface. The classification up to

isometry of doubly degenerate hyperbolic manifolds

homeomorphic to S ◊ R is Borel equivalent to E0. In particular,

there exists no Borel assignment of complete numerical

invariants, up to PSL(2,C)-conjugacy, to the elements of

D[fi1(S)], or to finitely-generated Kleinian groups more

generally.

The relevant terms here are best defined, under the
circumstances, via pictures.
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Proof 1

Proof 1 of Theorem I uses Przytycki–Sabok’s result that orbit
equivalence relation induced by the natural action of MCG(S)
on a space homeomorphic to that of the ending laminations of
S is of Borel complexity exactly E0.
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Proof 2

Proof 2 of Theorem I leverages a coarse embedding of the shift
space into the space of hyperbolic 3-manifolds (due to Abert–
Bergeron–Biringer–Gelander–Nikolov–Raimbault–Samet).
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in closing

To recap: a descriptive set theoretic question about conjugacy
relations took the form of one which we answered, in the n = 2
and n = 3 cases, using fundamentally geometric tools:

Question

Fix n Ø 2. What is the Borel complexity of the isometry relation

on the space of algebraically finite hyperbolic n-manifolds?

We don’t have answers for any n > 3 in part because in those
cases there’s no comparable geometric theory to draw from. In
the major survey of “higher-dimensional Kleinian groups”,
Kapovich writes There is a vast variety of Kleinian groups in

higher dimensions: It appears that there is no hope for a

comprehensive structure theory similar to the theory of discrete

groups of isometries of H
3
. I’ll just note in closing (for anyone

looking for a project) that this is the sort of perception which
invariant descriptive set theory excels at making precise. . .
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many thanks

Thanks to Professor Kechris for the invitation,
and to the audience for their attention,

and for any questions which any of you may have.


